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One response to the problems of logical omniscience in epistemic logic is to extend the space of 

classically possible worlds to include impossible worlds. It is natural to think that essentially the 

same basic line of response can be applied to our standard probabilistic models of partial belief, 

for which the parallel problem of probabilistic coherence (which implies a kind of logical om-

niscience) also arises. In this paper, I note that there is a problem with the inclusion of impossi-

ble worlds into our probabilistic models. Most of the propositions which can be constructed 

from possible and impossible worlds are in an important sense inexpressible; whereas the prob-

abilistic model seems committed to saying that agents in general have at least as many attitudes 

towards inexpressible propositions as they do towards expressible propositions. Since it is rea-

sonable to think that (at least most of) our attitudes are expressible, a model with such commit-

ments looks problematic. 

Suppose we wish to model the total doxastic state of some thinking subject, who may or may 

not be ideally rational. By ‘total doxastic state’ I mean the sum total of facts about a subject’s 

doxastic attitudes broadly construed, i.e., their full beliefs, partial beliefs, comparative degrees 

of confidence, and so on—those aspects of a subject’s mental life which characterise how she 

takes the world to be. 

We’ll need two main ingredients. One, a way to represent potential objects of thought; 

i.e., the kinds of things fit to serve as the contents of some cognitive mental state. Important 

here is the capacity to adequately represent the apparent hyperintensionality of thought. On 

the face of it, belief cuts more finely than necessary equivalence, and this appearance needs to 

be accounted for. And two, we’ll need some way of representing which of these are the con-

tents of the subject’s doxastic attitudes, for each different kind of attitude that we wish to rep-

resent. 

In this paper, I want to argue that one common approach to modelling the hyperinten-

sional objects of thought (viz., as sets of possible and impossible worlds) does not sit nicely 

with another very common approach to modelling total doxastic states (viz., as a probability 

function defined on a Boolean algebra of propositions). Roughly, the problem is that most of 

the propositions which can be constructed from possible and impossible worlds are in a cer-

tain strong sense inexpressible, while the probabilistic model will end up saying that agents in 

general have at least as many attitudes towards inexpressible propositions as they do towards 

expressible propositions. Since it is reasonable to think that at least most of our attitudes are 

expressible, a model with such commitments looks problematic. 

In §1, I will outline a background assumption about the linguistic expressibility of 

thought which I will use to set up my main argument. Then, in §2, I will outline the problems 

of logical omniscience as they apply to a possible worlds model of full belief, and note how 

the introduction of impossible worlds is supposed to help solve these problems. §3 then intro-

duces the probabilistic analogues to the problems of logical omniscience, for which an analo-

gous solution seems to apply, and §4 presents the central argument of the paper. Finally, §5 

considers in more depth the basis for (and importance of) the linguistic expressibility assump-

tion, while §6 looks at the consequences of altering those aspects of the probabilistic model 

which give rise to the problem—specifically, the assumption of Booleanism. 
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Before moving on, it’s worth flagging some things that I do not take myself to be argu-

ing. First, I do not think that the mere existence of inexpressible propositions is problematic 

for the impossible worlds model—nor indeed should it be considered especially problematic 

for the possible worlds model. I doubt that it would be a significant problem if our models 

treated some of inexpressible propositions as potential objects of belief for some believers. I 

do, however, think that there is a problem when our models commit us to saying that subjects 

systematically believe a very large number of them, and it is this problem that I intend to 

highlight here. (See §5 for more discussion.) And second, my argument is not against the in-

telligibility of impossible worlds, nor do I want to claim that there are no benefits to be had by 

including them within our ontology. 

1. The Expressibility Assumption 

In setting up my argument, I will presuppose the existence of a language, ℒ, about which I 

will need to make some assumptions. ℒ can be thought of as a class of declarative sentences, 

each a (possibly infinite) string of symbols taken from a (possibly infinite) alphabet, with a 

corresponding interpretation. The interpretation of every sentence in ℒ should be non-

ambiguous, precise, and context-independent. I’ll stick to characterising ℒ at the sentential 

level, since it is here that the issues we will be interested in arise. Nothing in what follows 

should be taken to suggest that there can be no quantifiers, modal operators, and so on, in ℒ. 

I will assume that if α is the thinking subject whom we wish to model, then ℒ is at least 

expressive enough to be capable of representing everything towards which α might have be-

liefs (or partial beliefs).1 Important here is that ℒ has the appropriate degree of granularity to 

adequately distinguish between distinct belief contents. So, if α can have a belief with such-

and-such a content, then it had better be possible to express precisely that content, and just 

that content, in ℒ. Given this basic assumption, it’s reasonable to expect that ℒ will contain at 

least the negation (¬), conjunction (∧), and disjunction (∨) sentential operators, and that it will 

be closed under at least finite iterations thereof. After all, if I can have any beliefs at all, then I 

can presumably have conjunctive beliefs, disjunctive beliefs, and (in the relevant sense) nega-

tive beliefs. 

Whatever ℒ is (if it exists), it’s not English. You might think that a suitably regimented 

and perhaps significantly extended version of English might do the trick. More likely, I sus-

pect, is that an appropriately constructed Lagadonian language will suit our purposes. A 

Lagadonian language is one wherein particulars are taken to be names of themselves, and 

properties and relations are taken to be predicates for themselves. Thus, for instance, the con-

tent Frank is taller than Mary may be some construction out of Frank, Mary, and the relation 

of taller than, e.g., <taller than, Frank, Mary>.2 In a series of recent works, Mark Jago has 

defended the thesis that a Lagadonian language might be rich enough to adequately express 

 
1 Note that I am here ignoring any (partial) beliefs which might be, as Perry (1979) calls them, essentially in-

dexical. The capacity to express irreducibly indexical beliefs in a language whose interpretation is stipulated as 

being context-independent may rightly be doubted. If need be, the arguments that follow could be naturally 

adapted without any significant changes to a centred worlds framework (see Lewis 1979), thus permitting the 

presence of context-dependent sentences in ℒ. However, for simplicity’s sake I will ignore these complications 

in what follows, and pretend that there are no essentially indexical doxastic attitudes. 
2 The Lagadonian sentence representing the thought content which we would express in English with the sen-

tence ‘Frank is taller than Mary’ need not include either Frank or Mary. A neo-descriptivist approach to the con-

tent of names will want to reject the translation of the English sentence into the Lagadonian <taller than, Frank, 

Mary> in favour of a more complicated construction which replaces Frank and Mary with Lagadonian definite 

descriptions which more accurately reflect their view of the semantics of those names. Likewise, everything said 

here is compatible with a two-dimensionalist approach to thought content. To say that thought contents can be 

expressed within a broadly Lagadonian language does not commit one to a particular kind of response to Frege 

puzzles, despite some initial appearances to the contrary. 
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each of our beliefs (see esp. his 2012; 2015a). Indeed, the expressive richness of Jago’s lan-

guage is a key component of his use of ersatz possible and impossible worlds to model hyper-

intensional contents, in more or less the manner described in the next section. 

Still, if the reader finds it hard to swallow the idea that such a richly expressive ℒ can 

even possibly exist, I ask that they hold off their objections for now—I will return to discuss 

the matter in some detail in §5, when the relative importance of this assumption in the context 

of my argument can be made clear. (Spoiler alert: it may well turn out that there are inex-

pressible objects of thought, but unless we have reasons to think that these are very frequently 

believed, then the main thrust of my discussion is unchanged.) 

Two fiddly points to note about ℒ. First, I haven’t assumed that any of ¬, ∧ or ∨ are prim-

itives. Some find it useful to define some connectives in terms of others; e.g., by letting S ∨ 

S* be a mere shorthand for ¬(¬S ∧ ¬S*).3 If we can legitimately take ¬ and ∧ as the only 

primitive connectives in ℒ, then in some respects the argument of §4 becomes more straight-

forward. However, in general I think it would be a mistake to suppose that ∨ should be re-

duced to ¬ and ∧, or that ∧ should be reduced to ¬ and ∨—or worse: that all of the above 

should be reduced to the Sheffer stroke! Part of the point of ℒ is to capture distinctions in 

thought wherever they exist, and a language which treats disjunctions (for example) as mere 

shorthands for negated conjunctions won’t cut finely enough for this purpose. The fact that 

two sentences with the forms S ∨ S* and ¬(¬S ∧ ¬S*) are (classically) logically equivalent is 

no guarantee that having a belief adequately expressed by a sentence of the form S ∨ S* goes 

hand-in-hand with having a belief adequately expressed by a sentence of the form ¬(¬S ∧ 

¬S*): it’s plausible that one may accept the former but not the latter, and if so then we will 

need a way to mark that distinction in ℒ. 

Second, I have only assumed that ℒ contains at least ¬, ∧, and ∨, not that these are the on-

ly connectives in ℒ. But should we also include, for example, the material conditional → 

(where S → S* isn’t just a shorthand for ¬S ∨ S*), or an exclusive disjunction ∨x? Here, mat-

ters are much less clear to me. It’s not obvious whether one can have a belief that’s adequate-

ly expressed by a sentence of the form S ∨x S* which is not equally well expressed by a 

sentence of the form (S ∨ S*) ∧ ¬(S ∧ S*). To the best of my awareness, this question is not 

discussed anywhere in the philosophical literature, and I will not try to settle it here—

ultimately, it won’t make a great difference to my argument. 

2. The Problems of Logical Omniscience and Impossible Worlds 

Let Ω be a non-empty space of possible worlds. I want to remain as neutral as possible as to 

what worlds are; what’s important is that they are the kinds of things of which it makes sense 

to speak of the truth or falsity of a sentence at a world. In calling Ω a set of possible worlds, 

I’m specifically making the following assumptions about every ω ∈ Ω and S, S1, S2, … ∈ ℒ: 

Non-Contradiction 
At most one of S or ¬S is true at ω 

Maximal Specificity 

At least one of S or ¬S is true at ω 

Closure under Implication 
If S1, S2, … are true at ω and jointly imply S, then S is true at ω 

What happens at these worlds with respect to sentences not in ℒ won’t be important, and in 

the sequel it should be assumed that the sentences S, S*, etc., that I quantify over are always 

members of ℒ. I’ll also assume that the relevant notion of implication (here and throughout) is 

 
3 See, e.g., (Bjerring 2013), where ∧ and ∨ are defined in terms of ¬ and →; or (Jago 2012), where ∨ is de-

fined in terms of ¬ and ∧ (themselves defined in terms of mereological operations on ‘facts’). 



4 

at least as strong as that of classical propositional logic. If need be, we can throw some con-

ceptual or analytic implications in there as well, so as to rule out worlds with, e.g., married 

bachelors, male vixens, four-sided triangles, and the like. 

Call any set of (possible and/or impossible) worlds a proposition. The powerset of Ω, 

℘(Ω), contains each of the propositions which can be formed from out of the worlds in Ω. 

Every sentence S can be mapped to some (perhaps empty) proposition PS ∈ ℘(Ω), the set of 

all worlds in Ω where what S says is true.4 Given the three assumptions about Ω above, logi-

cally equivalent sentences will always be mapped to the same propositions. Moreover, ¬, ∧, 

and ∨ will correspond to basic set operations of complementation, intersection, and union re-

spectively, in the following way:5 

(i)  P¬S  =  PS
C 

(ii) PS∧S*  =  PS ∩ PS* 

(iii) PS∨S* =  PS ∪ PS* 

Where Ω is populated richly enough, it’s reasonable to think that many if not all of the propo-

sitions in ℘(Ω) either are, or otherwise directly correspond to, genuine objects of thought.  

With this in place, we might make a start on modelling some doxastic states. Begin with a 

model that originates with (Hintikka 1962), which focuses solely on full belief. Let α be our 

subject. Exactly one member of ℘(Ω), which we’ll label Pα, is supposed to represent the way 

the world must be given all of α’s beliefs. The worlds in Pα will be called α’s doxastically 

possible worlds. To obtain a complete representation of what α believes, we might on first 

thought suppose that any proposition in ℘(Ω) of which Pα is a subset represents some specific 

content that α believes; so α believes that S if and only if Pα ⊆ PS. The upshot is a neat and 

relatively compact model of a total belief state: fix the relevant space of worlds Ω and the set 

Pα, and the rest of the work is done automatically by the subset relation. 

But that’s a little too quick. For all I’ve said, it may well be the case that ℘(Ω) contains 

many propositions that correspond to no proper object of belief. Modelling the objects of 

thought as sets of worlds does not commit one to assuming that every set of worlds models an 

object of belief, and it shouldn’t be taken for granted that every way the world might (not) be 

corresponds to something that α might believe.6 So let’s make a very minor adjustment: sup-

pose that ℬ ⊆ ℘(Ω) contains those propositions which represent genuine objects of thought, 

and say now that α believes that S if and only if Pα ⊆ PS and PS ∈ ℬ. 

Some work will be needed to characterise exactly what propositions get into ℬ, but here’s 

a start. Say that a proposition P is expressible (in ℒ) just in case there is a sentence S in ℒ such 

 
4 In general, I will use PS to designate the set of worlds (within some space of worlds Ω or Ω+ as determined 

by context) at which S is true. For later discussion, it will be helpful to distinguish between arbitrary sets of 

worlds and the sentences that they (sometimes) correspond to—hence the relatively cumbersome notation. 
5 That logically equivalent sentences map to the same proposition follows from Closure under Implication. 

Proof of (i): Non-Contradiction implies that PS ∩ P¬S = ∅, and Maximal Specificity implies that PS ∪ P¬S = Ω. So 

P¬S = Ω\PS. Proof of (ii): Closure under Implication implies that if S ∧ S* is true at ω, then S and S* are true at ω. 

Hence PS∧S* ⊆ PS ∩ PS*. In the other direction, Closure under Implication also implies that if S, S* are true at ω, 

then S ∧ S* is true at ω. So PS ∩ PS* ⊆ PS∧S*. Proof of (iii): Closure under Implication implies that if either of S 

or S* are true at ω, then S ∨ S* is too. So PS ∪ PS* ⊆ PS∨S*. In the other direction, if S ∨ S* is true at ω, then by 

Closure under Implication, ¬(¬S ∧ ¬S*) is true at ω. By Maximal Specificity, for any ω ∈ PS∨S*, either S is true at 

ω or ¬S is. If S is true at ω, then ω ∈ PS (∪ PS*). If ¬S is true at ω, then S* must be true at ω (otherwise ¬S, ¬S*, 

and so ¬S ∧ ¬S* would be true at ω, which would contradict Non-Contradiction). Hence, for any ω ∈ PS∨S*, ω is 

either in PS or PS*; and in either case PS∨S* ⊆ PS ∪ PS*. 
6 For instance, in response to the Russell-Kaplan paradox (see Davies 1981, p. 262; Kaplan 1995), Lewis 

(1986, pp. 104-7) argues that there are many more ways the world might be than there are possible functional 

roles, and hence more than there are possible belief contents (at least ℶ3 for the former, and probably no more 

than ℶ0 for the latter). 
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that PS = P—that is, a proposition P is expressible just in case there’s a sentence S which 

holds at all and only the worlds in P. In §1 it was assumed that for every belief α has, ℒ in-

cludes a sentence S which expresses exactly that belief. So, if you think this assumption is 

reasonable, then it’s only natural to suppose that a proposition should be found in ℬ only if it 

is expressible in ℒ. After all, what could it mean to represent α as believing a proposition P, 

where P is not characterised by any sentence in a language which, ex hypothesi, is capable of 

expressing every one of α’s beliefs? 

Now it’s well known that this basic model suffers from a cluster of issues that usually 

come under the heading of the problems of logical omniscience, each of which is due in part 

to the basic assumptions we’ve made about what kinds of worlds are in Ω. Let me highlight 

four illustrative examples, which hold for all S, S*: 

(i) If S implies S* and PS, PS* ∈ ℬ, then α believes S only if she also believes S* 

(ii) If S and S* imply each other, then α believes S if and only if she also believes S* 

(iii)  If S is a tautology and PS ∈ ℬ, then α believes S 

(iv) α’s beliefs are inconsistent only if Pα = ∅ (in which case α believes everything in ℬ) 

The first problem is a result of Closure under Implication, which ensures that if S implies S*, 

then PS ⊆ PS*. Corollary: if S and S* are logically equivalent, then PS = PS*; this generates the 

second problem. Maximal Specificity and Closure under Implication together imply that if S 

is a tautology, then PS = Ω. Since Ω is a superset of any proposition in ℬ, this gives rise to our 

third problem. With the addition of Non-Contradiction we also get that if S is a contradiction, 

then PS = ∅, which ultimately leads to the fourth problem. Indeed, Non-Contradiction alone 

says that PS and P¬S are disjoint, so α can believe both S and ¬S only if Pα = ∅. 

There are a number of responses to logical omniscience that we might opt for here. Per-

haps the error is in thinking that we can adequately model belief sets using unstructured sets 

of possible worlds and subset relations. Or, perhaps it is in thinking that we can use a single 

set of worlds to encode an agent’s total doxastic state, which may be better represented using 

multiple ‘fragments’. Or perhaps there isn’t really a problem here after all, our beliefs really 

are closed under classical logic and it is only the complexities of belief attribution and our 

imperfect access to our own beliefs which makes it seem otherwise. I think that each of these 

captures part of the truth, but my intention for this paper is not to provide a solution to the 

problems of logical omniscience. Instead, I wish to focus on one common response which be-

gins with the thought that perhaps there are not enough propositions in ℘(Ω): we need to 

make our space of worlds bigger, to accommodate more fine-grained divisions amongst the 

objects of thought. 

Suppose we make an extension to Ω, call it Ω+, such that Ω+ contains not only the origi-

nal set of possible worlds, but also worlds where various kinds of impossible affairs obtain.7 

To make Ω+ rich enough, we will want worlds which are blatantly inconsistent (where both S 

and ¬S are true), as well as worlds which are not closed under classical consequence. Indeed, 

we will plausibly need to ensure that our worlds are not closed under any non-trivial conse-

quence relation. It would not be very helpful to remove closure under classical consequence 

but retain closure under, e.g., intuitionistic consequence—otherwise, we’re just swapping one 

sort of logical omniscience for another. 

 
7 The use of impossible worlds to help solve the problem of logical omniscience and related problems in epis-

temic logic was explicitly introduced in (Rantala 1982), although the idea can also be in (Hintikka 1975) and 

(Creswell 1973). Numerous authors have since made use of the idea, and a recent defence can be found in a se-

ries of works by Mark Jago (2009; 2013; 2014a; 2015a; 2015b) and Francesco Berto (2010). See also Nolan 

(1997; 2013), though Nolan’s general focus is on using impossible worlds to give a Lewisian semantics for 

counterpossible conditionals. 
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To really free up the model, proponents of impossible worlds will typically posit an unre-

stricted comprehension principle, along the following lines:8 

Unrestricted Comprehension 

For any maximal set of sentences 𝒮 ⊆ ℒ, there will be worlds in Ω+ where every S ∈ 𝒮 is true 

and no S ∈ ℒ\𝒮 is true 

Now Ω+ contains every logically possible world, plus every kind of maximal impossible 

world. (We can hold onto the Maximal Specificity assumption, though some proponents of 

impossible worlds choose to drop even this condition to allow for incomplete worlds as well 

(e.g., Jago 2012; 2014a; 2014b). Whether we include incomplete worlds in Ω+ won’t make a 

difference to my arguments in this section—if what I say applies to Ω+ as characterised by 

Unrestricted Comprehension, then it will apply to any superset of Ω+ as well.) 

By building our model around this expanded space of worlds, we can easily block all four 

of the unwelcome ‘omniscience’ results noted earlier. Indeed, we can say more than this. Let 

{S*, S**, …} be any consistent or inconsistent subset of ℒ, and let Pα be the intersection of 

PS*, PS**, …. Now Pα will be non-empty (there will be worlds where all of S*, S**, … are 

true), and for any S that’s not in {S*, S**, …}, there will be maximally specific worlds in Pα 

where S is not true. So regardless of what we take α’s beliefs set of beliefs {S*, S**, …} to 

be, we will be able to find some Pα such that Pα ⊆ PS if and only if α believes S. That looks 

like a nice property for our model to have, and all we had to do was load Ω+ up with enough 

impossible worlds. 

But note a consequence of Unrestricted Comprehension: there is no sentence S—at least, 

no sentence in ℒ—such that S is true at all and only the worlds in Pα. The set of expressible 

propositions {PS: S ∈ ℒ} is an antichain of the partially ordered set <℘(Ω+), ⊆>: for any two 

distinct sentences S, S*, there will be worlds in Ω+ where S is true and S* isn’t true; so, PS will 

never be a subset of PS*. Suppose that α believes that S. Now whatever Pα ends up being, it 

will have to be a subset of PS. Hence, there’s no S such that PS = Pα. So Pα is inexpressible (in 

ℒ).9 

I’m inclined to think that the inexpressibility of Pα is not by itself especially problematic. 

It would be immediately problematic if we were to assume that Pα (whatever it is) ought to 

itself represent something that α believes, and hence that it should always be included within 

ℬ. However, nothing internal to the model I’ve described suggests that this ought to be the 

case. That Pα should itself be a proposition that α believes was never a commitment of the 

model, even when we were working with just possible worlds. What’s needed for the repre-

sentational system to work is that (a) if 𝒫α ⊆ ℘(Ω+) is the set of all and only the propositions 

towards which some agent α has beliefs, then 𝒫α has some lower bound with respect to ⊆ 

which we can designate as Pα; and (b) if 𝒫α ≠ 𝒫β, then Pα ≠ Pβ. That is, every distinct total 

belief state can be uniquely represented by (at least one) set of doxastically possible worlds. 

We can satisfy this by letting Pα be the intersection of each proposition that α believes. 

(None of this is to say that the impossible worlds model of belief just developed is with-

out problems—just that it is not committed to saying that α believes something she cannot 

possibly believe. It is worth noting that if we can only believe expressible propositions, and 

 
8 I am here referring to proponents of the so-called “American stance” on impossible worlds; my arguments 

are not intended to touch upon the “Australasian” use of impossible worlds as the basis for an interpretation of 

some non-classical logic. See, e.g., (Nolan 1997), (Jago 2012), (Berto 2013, §4.1). By ‘maximal set of sentences’ 

𝒮 ⊆ ℒ, I mean a set such that for any S ∈ ℒ, at least one of S or ¬S is in 𝒮. 
9 Note that Pα can be inexpressible even if we have a name ai for each of the worlds within Pα and ℒ contains 

a way of saying “The actual world is a1 or a2 or …” (or something to that effect). Assuming that such a sentence 

exists in ℒ, if an unrestricted comprehension principle holds then the sentence will be true at some of the worlds 

in Pα, but it will also be false at some of those worlds (and true at some worlds outside of Pα). 
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no expressible proposition is a subset of any other expressible proposition, then there is a 

genuine question as to the point of using this kind of set-theoretic model to represent our be-

liefs in the first place.10 The machinery of set theory only comes into play at a single step, 

linking the (non-believed) proposition Pα to the set of expressible propositions that α believes, 

the latter of which has no interesting set-theoretic structure. The only thing which unites the 

worlds in the proposition Pα is that they are those worlds where each member of a set of sen-

tences S, S′, S″, … is true; and characterising that proposition amounts to just listing out all 

and only those sentences which express something α believes. What we’ve done with Pα and 

⊆, we could have done more perspicuously with a simple list; we gain nothing in economy by 

the addition of Pα.) 

So much for full belief. If you’re like me and you think that beliefs generally come in de-

grees (so that full belief is ultimately just a species of partial belief), then you will likely want 

your model of α’s doxastic states in general to represent all of her partial beliefs, not just 

those that qualify as full beliefs. Luckily enough, there are natural ways to generalise the 

basic model outlined in the previous section. As Lewis’ puts it, 

[W]e must also provide for partial belief. Being a [doxastically possible world] is not an all or 

nothing matter, rather it must admit of degree. The simplest picture, idealised to be sure, replac-

es the sharp-edged class of [doxastically possible worlds] by a subjective probability distribu-

tion. … We can say that a [doxastically possible world] simpliciter is a possible [world which] 

gets a non-zero (though perhaps infinitesimal) share of probability, but the non-zero shares are 

not all equal. (1986, p. 30) 

In the rest of this paper, I want to focus on these probabilistic models, and the problems of 

inexpressibility that come with them. 

3. The Problem of Probabilistic Coherence 

For the sake of concreteness, here’s one way generalise the full belief model to partial beliefs, 

along the lines suggested by Lewis.11 Suppose again that Ω is a non-empty space of possible 

worlds. A subjective probability distribution over Ω could be understood as a function 𝒟 

which assigns 0 to all but countably many ω in Ω, and a real value between 0 and 1 to the rest 

of the worlds such that those values sum to unity. We might interpret 𝒟 as representation of 

α’s degree of belief that the actual world is ω, for each ω in Ω.12 

We can now use 𝒟 to induce a function 𝒞r on ℬ, by stipulating that for each P ∈ ℬ,  

𝒞r(P) = ∑ 𝒟 
ω∈𝑃 (ω) 

Independent of any assumptions we make about what worlds get into Ω, 𝒞r will satisfy: 

Nonnegativity 

If ∅ is in ℬ, then 𝒞r(∅) = 0 

Normalisation 

If Ω is in ℬ, then 𝒞r(Ω) = 1 

 
10 My complaint in this paragraph parallels one made by Bjerring and Schwarz in their (2017, §3). 
11 My choice to treat the probability distribution 𝒟 as discrete and real-valued probability mass function is 

primarily for expositional simplicity, and inessential to my main argument, which depends more on the assump-

tion of Booleanism than on the details of any particular model of partial belief which adopts the Boolean as-

sumption. See §6 for further discussion. 
12 If it’s implausible that any agent assigns a positive degree of belief to (singleton sets of) worlds, we could 

let 𝒟 be defined over an arbitrarily coarse-grained partition of Ω instead, and interpret 𝒟 accordingly. Alterna-

tively, we could drop the assumption that 𝒟 is discrete (although this would also require some re-interpretation), 

and treat it more along the lines of a continuous probability distribution. 



8 

Monotonicity 

For all pairs P, P* in ℬ, if P ⊆ P*, then 𝒞r(P) ≤ 𝒞r(P*) 

Σ-Additivity 

If ℬ is any countable set of disjoint propositions in ℬ whose union (⋃  𝒫) is also in ℬ, then 

𝒞r(⋃  𝒫) = ∑   
 𝑃∈𝓟 𝒞r(P) 

If ℬ contains ∅, then 𝒞r is a measure on ℬ. If we want 𝒞r to be a probability function as usu-

ally understood, then we need to make the stronger assumption that ℬ constitutes some Bool-

ean sub-algebra of ℘(Ω). That is, we need to assume something at least as strong as 

Booleanism: 

Booleanism 

For all P ∈ ℘(Ω),  

(i) If P ∈ ℬ, then PC ∈ ℬ 

(ii) If P, P* ∈ ℬ, then P ∪ P* ∈ ℬ 

(iii) If P, P* ∈ ℬ, then P ∩ P* ∈ ℬ 

We’ll follow suit and assume for now that ℬ satisfies these conditions. 

Where ℬ includes all and only those propositions towards which α has partial beliefs, a 

very natural way to read 𝒞r is as a representation of α’s total degree of belief state: α believes 

that S to degree x if and only if 𝒞r(PS) = x. This generalises our model of full belief nicely. In 

the simplest case, say full belief equates to degree of belief 1. Then, we will be able to charac-

terise Pα as just those worlds assigned some positive value by 𝒟, and 𝒞r(PS) = 1 for every PS 

⊇ Pα that finds its way into ℬ. But our new model also lets us represent each of the many 

grades of belief that α can have towards any proposition in ℬ, removing the “sharp edges” be-

tween belief and non-belief. 

However, because we’ve built 𝒟 (and 𝒞r) on top of a space of possible worlds Ω, it’s 

easy to see that our model of α’s partial beliefs will have its very own issues with logical om-

niscience. Indeed, the new model takes the idealisation a step further, as 𝒞r will impose prob-

abilistically coherence upon α’s degrees of belief more generally. For all S, S* ∈ ℒ, 

(i) If S is a contradiction then PS ∈ ℬ, and 𝒞r(PS) = 0 

(ii) If S is a tautology then PS ∈ ℬ, and 𝒞r(PS) = 1 

(iii) If S implies S* and PS, PS* ∈ ℬ, then 𝒞r(PS) ≤ 𝒞r(PS*) 

(iv) If PS, PS* ∈ ℬ, then 1 = 𝒞r(PS) + 𝒞r(PS*) + 𝒞r(PS∨S*) – 𝒞r(PS∧S*) 

Additionally, if full belief is degree of belief 1, the new model implies that it’s not even pos-

sible for α to have inconsistent beliefs—the distribution 𝒟 will assign a positive value to at 

least one possible world ω, and the set of propositions P such that 𝒞r(P) = 1 will be consistent 

(or empty). (On an alternative account, full belief might be characterised in terms of exceed-

ing some threshold degree T, for T < 1. In that case, there may be no Pα such that α fully be-

lieves P if and only if Pα ⊆ P, and it may be possible for α’s beliefs to be inconsistent. 

However, if T > 0.5, then it will be impossible for α to believe S and ¬S simultaneously; and 

as long as T > 0, it will be impossible for α to believe any contradictions.) 

If logical omniscience is bad, then probabilistic coherence seems much worse. But never 

fear—impossible worlds to the rescue! If we define 𝒟 on a space of worlds Ω+ that satisfies 

Unrestricted Comprehension, then 𝒞r need not satisfy any of the coherence conditions (i) 

through (iv). Indeed 𝒞r can be almost as wild and wacky as we want it to be. A simple exam-

ple: suppose that 𝒟 assigns a positive value only to worlds where S and S ∧ ¬S are both true, 

and neither ¬S nor S ∨ ¬S is true. Now 𝒞r(S) = 𝒞r(S ∧ ¬S) = 1, and 𝒞r(¬S) = 𝒞r(S ∨ ¬S) = 0.  
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Proviso: if Maximal Specificity holds and PS, P¬S ∈ ℬ, then 𝒞r(PS) + 𝒞r(P¬S) ≥ 1.13 So 

Unrestricted Comprehension by itself does not give us complete freedom to let 𝒞r assign val-

ues to expressible propositions however we might like. But we can fix this by expanding Ω+ 

even further to allow for non-maximal, or incomplete, worlds: 

Really Unrestricted Comprehension 

For any set of sentences 𝒮 ⊆ ℒ, there will be worlds in Ω+ where every S ∈ 𝒮 is true and no S ∈ 

ℒ\𝒮 is true 

Now if you want 𝒞r to assign 0 to both PS and P¬S, you just need to make sure that 𝒟 assigns 

positive values only to worlds where neither S nor ¬S is true. More generally, for pretty much 

any way you want 𝒞r to distribute values across the expressible propositions in any set ℬ, 

we’ll be able to find a 𝒟 which generates exactly that distribution.14 

The idea to use a probability function over a space of possible and impossible worlds as a 

way of modelling the probabilistic incoherence of non-ideal agents is common in conversa-

tion, but also shows up at several points in the literature. Mikaël Cozic (2006) has recently 

advocated the strategy, and Halpern and Pucella (2011, §4) make similar points. In his (1997) 

and (1999), Lipman attempts to deal with logical non-omniscience by deriving a probabilistic 

expected utility representation from an agent’s preferences, where the probability function in 

question is defined over a state-space involving both possibilities and impossibilities. Easwa-

ran (2014, esp. pp. 1-2, 29) also suggests using impossible worlds in our probabilistic models 

of agents’ doxastic states, albeit in a slightly different context. 

4. Booleanism with Impossible Worlds 

In this section, I will argue that if Ω+ satisfies a very weak (and very plausible) richness as-

sumption, then either Booleanism is false, or our model won’t allow us to adequately repre-

sent logically non-ideal agents—which, of course, is the central motivation for introducing 

impossible worlds into the model in the first place. My argument is premised on the claim that 

whatever ℬ is, it should contain only propositions which are expressible in ℒ. 

For any S, take the set of all worlds where S is true, and consider its complement PS
C. If 

Unrestricted Comprehension holds, then there is no S* such that PS* = PS
C, as for any pair of 

sentences S and S* there will be worlds where both S and S* are true. If Really Unrestricted 

Comprehension also holds, then there will be also be worlds where neither S nor S* is true. In 

either case, PS and PS* are not complements of one another. Hence, if PS is expressible, then 

PS
C is inexpressible. And since we’ve assumed that ℬ is closed under complementation, it fol-

lows that there must be at least as many inexpressible propositions in 𝒞r’s domain as there are 

expressible propositions. And that’s not a nice result: ℒ is supposed to include a sentence ca-

pable of expressing every object of thought towards which we might have partial beliefs, and 

yet the model we’ve now developed is assigning nonsensical values to propositions expressed 

by no sentences of ℒ. 

 
13 Maximal Specificity says that PS ∪ P¬S = Ω. Normalisation plus Σ-Additivity then imply that 𝒞r(PS – P¬S) 

+ 𝒞r(P¬S – PS) + 𝒞r(PS ∩ P¬S) = 1. Since 𝒞r(PS ∩ P¬S) ≥ 0, 𝒞r(PS) ≥ 𝒞r(PS – P¬S) and 𝒞r(P¬S) ≥ 𝒞r(P¬S – PS), it 

follows that 𝒞r(PS) + 𝒞r(P¬S) ≥ 1. 
14 A quick example to demonstrate the point. Let S, S* and S** be any three distinct sentences whatsoever. 

Suppose we want a 𝒞r that assigns x to PS, y to PS*, z to PS** (where 1 ≥ x > y > z ≥ 0), and 0 to everything else. 

We let 𝒟 be as follows. Where ω** is the world where only S, S* and S** are true, (ω**) = z. Where ω* is the 

world where only S and S* are true, (ω*) = y – z. Where ω is the world where just S is true, (ω) = x – y. The 

‘empty world’ (where no sentences are true) is then assigned 1 – x, and every other world in Ω assigned 0. It 

follows that 𝒞r(PS) = x, 𝒞r(PS*) = y, and 𝒞r(PS**) = z. Give my assumptions about 𝒟, the same basic trick can be 

extended for any 𝒞r that assigns a positive value to at most countably many expressible propositions. 
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We could get around the foregoing argument if (and only if) we impose the following re-

strictions on the worlds in Ω+: 

Restriction R1 

For every S such that PS ∈ ℬ, there is an S* such that exactly one of S or S* is true at ω 

I’ll have more to say about R1 in a moment, but first, note that merely imposing R1 on Ω+ 

won’t solve all our problems.  

We’ve also supposed that ℬ is closed under (at least finite) intersections and unions, and 

with no further restrictions on Ω+ the set of expressible propositions (in ℬ) will still be an an-

tichain of <℘(Ω+), ⊆>. (The only difference from before is that it’s now closed under com-

plementation.) So take any two sentences S and S* such that PS ≠ PS*: there is then no S** 

such that PS** = PS ∩ PS*. After all, nothing about R1 implies that there must be any sentences 

in ℒ which are true at a world if and only if two other sentences are true at that world. Like-

wise, there is no S** such that PS** = PS ∪ PS*. Consequence: even with R1 in place, there 

will still be at least as many inexpressible propositions in 𝒞r’s domain as there are expressible 

propositions. 

The following is necessary and sufficient for ensuring that the intersection of any two ex-

pressible propositions (in ℬ) is itself expressible: 

Restriction R2 

For every pair S, S* such that PS, PS* ∈ ℬ, there is an S** such that both S and S* are true at ω if 

and only if S** is true at ω 

Given R1, R2 also implies that the union of any two expressible propositions (in ℬ) is ex-

pressible—that is, for any pair of expressible propositions PS, PS* in ℬ, there is some sentence 

S** such that at least one of S or S* are true at ω if and only if S** is.15 

Exactly how restrictive R1 and R2 end up being depends on which expressible proposi-

tions should be included in ℬ. We can safely assume that whatever ℬ is, it will be richly popu-

lated with plenty of expressible propositions. So R1 and R2 are never trivially satisfied. On 

the other hand, if there are sentences whose characteristic propositions are not in ℬ, then R1 

and R2 are consistent with a degree of freedom in relation to those propositions. But this is 

not especially interesting: since ℬ contains all of the propositions in 𝒞r’s domain, whatever is 

true of the expressible propositions not in ℬ will be irrelevant to the representation of α’s de-

grees of belief that we are left with. Hence, I’ll simplify the following discussion and pretend 

that for every sentence S of ℒ, PS ∈ ℬ. 

The key point in what follows will be that how these two restrictions are implemented is 

constrained by what kinds of worlds we want to keep in Ω+. For example, if R1 holds, then at 

any possible world ω ∈ Ω+, the required sentence S* can be true at ω if and only if ¬S is true. 

So if we were to require that every world satisfying Maximal Specificity, Non-Contradiction, 

and Closure under Implication remains in Ω+, then S* must be at least logically equivalent to 

¬S. Indeed, if we wanted Ω+ to contain every world that’s maximally specific and non-

contradictory, then S* must be ¬S—there are no other sentences which consistently hold at 

every maximally specific and non-contradictory world where S isn’t true. 

I will not assume that Ω+ contains every possible world, though I think that something in 

the vicinity must be true if we hope to use 𝒞r to model arbitrary ideal agents as well as non-

ideal agents. Instead, I will assume something much weaker. Say that a sentence S is blatantly 

 
15 R1 says that the complement of every expressible proposition in ℬ is expressible. R2 says that the intersec-

tion of every pair of expressible propositions in ℬ is expressible. Suppose PS and PS* are two expressible propo-

sitions in ℬ. So, PS
C and PS*

C are both expressible, and both are in ℬ. Thus, PS
C ∩ PS*

C is an expressible 

proposition in ℬ, and so is (PS
C ∩ PS*

C)C = PS ∪ PS*. 
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inconsistent with another sentence S* just in case either S = ¬S* or S* = ¬S. Then my assump-

tion can be put as follows: 

Minimal Richness 

For any consistent triple S1, S2, S3, there is at least one world ω ∈ Ω+ such that: 

(i)  S1, S2, and S3 are all true at ω, and  

(ii)  If S4 is blatantly inconsistent with any of S1, S2, or S3, then S4 is not true at ω 

Minimal Richness should be uncontroversial, especially since it can be motivated by precisely 

the same considerations which led us to insert a rich space of impossible worlds into our 

models in the first place. If S1, S2, and S3 are jointly consistent in classical propositional logic, 

then it is surely possible to fully believe each, and on the kinds of models we’ve been consid-

ering this is only possible if there is a world in Ω+ where each is true. Furthermore, it’s surely 

possible to fully believe a consistent triple S1, S2, and S3, while fully disbelieving any S4 that’s 

blatantly inconsistent with S1, S2, or S3—even ordinary agents can be a little bit rational, 

sometimes! 

So let’s consider R1, which states that every S can be paired with another sentence S* 

which is true at a world if and only if S is not true. If Minimal Richness is true, then whatever 

S* ends up being, it must be logically equivalent to ¬S. For suppose that S* is not logically 

equivalent to ¬S. Then either S* does not imply ¬S, or ¬S does not imply S* (or both). If S* 

does not imply ¬S, then {S*, S} (and so {S*, S*, S}) is consistent, and there will be at least 

one world where S* and S are both true, which contradicts R1. On the other hand, if ¬S does 

not imply S*, then {¬S, ¬S*} is consistent and there will be worlds where ¬S and ¬S* are both 

true. Since S and S* are blatantly inconsistent with ¬S and ¬S* respectively, this would have 

to be a world where neither S nor S* is true, which also contradicts R1. Hence, any sentence 

S* that satisfies R1 must be logically equivalent to ¬S, if Minimal Richness is true. 

One very straightforward way to implement R1 would be to let the required sentence S* 

just be ¬S. In effect, this is just to assume that every world in Ω+ must satisfy Non-

Contradiction and Maximal Specificity. And it’s easy enough to think of some plausible mo-

tivations for assuming Non-Contradiction: one could argue that no model of a minimally ra-

tional agent’s doxastic state should represent her as having any degree of belief that both S 

and ¬S could be true simultaneously (cf. Lewis 2004; Jago 2014b; Bjerring 2013). To the ex-

tent that we make errors of logical reasoning, they tend to be more subtle—e.g., a failure to 

deduce a downstream consequence of what we believe, rather than blatant inconsistencies. 

Motivating Maximal Specificity is a little more difficult, as it amounts to removing the 

incomplete worlds from Ω+. Some are independently happy to do this (e.g., Bjerring 2014; 

Bjerring and Schwarz 2017, p. 28; cf. Stalnaker 1996); for others, incomplete worlds are a 

crucial aspect of the model (Jago 2014a; 2014b). Furthermore, it’ll be a consequence of as-

suming Non-Contradiction and Maximal Specificity together that the worlds we are left with 

are closed under the rules of double negation introduction and elimination, and 𝒞r satisfies 

𝒞r(PS) = 𝒞r(P¬¬S) for all PS in ℬ. This is already quite a strong restriction, and it’s probably 

not satisfied by all thinkers. 

Nevertheless, there are good reasons to think that if the imposition of R1 is to be even 

remotely well-motivated, then S* certainly shouldn’t be anything other than ¬S. Suppose that 

S* is any sentence that’s logically equivalent to ¬S other than ¬S itself—say, ¬¬¬S. We might 

then preserve the presence of some non-maximally specific and/or contradictory worlds in Ω+, 

but now our worlds will be closed under the rules of sextuple negation introduction and elim-

ination: S is true at ω if and only if ¬¬¬¬¬¬S is true at ω. Any reasons we might have had to 

avoid closing worlds under the (relatively simple) rules of double negation would apply with 

all the more force here: to the extent that ordinary agents might generally accept something 

like sextuple negation introduction and elimination, it’s because they accept that S is true if 
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and only if ¬S is not true. Given Minimal Richness, the very best case we can make for im-

plementing R1 involves letting S* be ¬S. 

But it is in combination with R2 that R1 most worrisome. R2 states that every pair of sen-

tences S, S* can be paired with a third sentence S** such that S** is true at a world if and only 

if both S and S* are true at that world. Given Minimal Richness, we know that S** must be 

logically equivalent to S ∧ S*. The argument here is similar to the one we just earlier with R1. 

Suppose that S** is not logically equivalent to S ∧ S*. Then S** does not imply S ∧ S*, or S ∧ 

S* does not imply S*. If S** does not imply S ∧ S*, then at least one of the following sets of 

sentences is consistent: {S**, ¬S, ¬S*}, {S**, ¬S, S*}, {S**, S, ¬S*}. In each case, there will 

be at least one world in Ω+ where S** is true and at least one of S or S* is not true, which 

would contradict R2. If S ∧ S* does not imply S**, then S and S* do not jointly imply S**, so 

{S, S*, ¬S**} is consistent and there is at least one world in Ω+ where S and S* are both true 

and S** is not. This would also contradict R2. So, S** must be logically equivalent to S ∧ S*. 

An argument analogous to that given for R1 then immediately suggests how we ought to 

implement the restriction, if at all: require that all worlds in Ω+ satisfy ∧-Consistency:  

∧-Consistency 

For all S, S* ∈ ℒ, S and S* are both true at ω if and only if S ∧ S* is true at ω 

Certainly, it would be absurd to suppose that R2 is not satisfied by S ∧ S*, but rather some 

other sentence equivalent to S ∧ S*. For suppose that R2 was satisfied by, say, ¬(¬S ∨ ¬S*). 

Then our models would end up representing an agent who, without fail, always infers back 

and forth between S, S* and ¬(¬S ∨ ¬S*), while potentially skipping over the much more nat-

ural and direct inferences between S, S* and S ∧ S*. But anyone who doesn’t reliably follow 

the rules of conjunction introduction and elimination is not going to be unfailingly adhere to 

inference rules which link S, S* and ¬(¬S ∨ ¬S*) to one another. (To be sure, one could in 

principle describe a consequence relation such that the former inferences are admitted but the 

latter are not, but why would we think that closing the worlds in Ω+ under that relation makes 

for a good model any doxastic agent, let alone an ordinary believer?) 

In conjunction with Non-Contradiction and Maximal Specificity, ∧-Consistency guaran-

tees that ¬(¬S ∧ ¬S*) is true at any world where at least one of S or S* are true: for any PS and 

PS*, PS
C = P¬S and PS ∩ PS* = PS∧S*, hence (PS

C ∩ PS*
C)C = P¬(¬S∧¬S*) = PS ∪ PS*. Moreover, 

they imply that (i) every Boolean combination of expressible propositions will be expressible 

by some sentence involving ¬ and/or ∧, and (ii) every world in Ω+ will be closed under the 

{¬, ∧} fragment of classical propositional logic. We’re fast running out of impossibilities—

and with them, our capacity to represent logically non-ideal subjects.  

Now since we’ve not stipulated that other basic connectives should be defined in terms of 

¬ and ∧, nothing yet requires that the worlds in Ω+ are closed under classical propositional 

logic simpliciter. For example, disjunctive sentences may still behave erratically for all we’ve 

said so far, with (e.g.) S ∨ S* not being true at all and only the worlds where at least one of S 

or S* is true. Likewise, if ℒ contains a material conditional →, where S → S* is not simply 

defined as ¬(S ∧ ¬S*), then we’ve not said anything yet to guarantee that the worlds in Ω+ 

must validate even basic inference rules for conditionals. 

There may thus still be plenty of logically impossible worlds in Ω+. Nevertheless, with 

Non-Contradiction and Maximal Specificity, ∧-Consistency alone we’ve managed to close the 

worlds in Ω+ under a very strong consequence relation. Indeed, Ω+ is already only apt for 

modelling agents who are very highly idealised: for every classically valid inference S1, S2, … 

⇒ S, the worlds in Ω+ will be closed under an corresponding inference which replaces each of 

S1, S2, … and S with an equivalent sentence expressed using only ¬ and ∧. For instance, while 

Ω+ might not be closed under modus ponens, we do know that at every world where S and ¬(S 

∧ ¬S*) are both true, so too will S* be true. What we have, in effect, is a model that represents 
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an agent capable of infallibly performing extraordinarily complex inferences expressed using 

certain kinds of sentences. That the agent might also be represented as logically incompetent 

with respect to other basic inferences hardly makes her seem more realistic.  

So it seems that giving up on Really Unrestricted Comprehension in order to accommo-

date Booleanism is the wrong tact. Minimal Richness looks to be on a firm footing, and if it 

holds then if ℬ is going to satisfy these strong algebraic requirements, then the worlds in Ω+ 

are going to have to be closed under at least some classically valid inference rules. We have a 

degree of choice as to what these rules might be (e.g., double negation elimination versus sex-

tuple negation elimination), but closing under the most simple and natural rules (viz., those 

which ordinary agents are most likely to consistently follow) leads us directly into closing Ω+ 

under a huge fragment of classical logic—and thus misrepresenting the logical capacities of 

ordinary, non-ideal subjects. 

The impossible worlds theorist has two main options for response. First, she could go af-

ter the assumption that there exists an ℒ such that everything α believes or partially believes is 

expressible in ℒ—if this is false, then the presence of inexpressible propositions in the domain 

of 𝒞r is to be expected, not shunned. Perhaps we have just discovered that sometimes our par-

tial beliefs towards expressible propositions comes hand-in-hand with partial beliefs towards 

inexpressible propositions; the latter are perfectly legitimate objects of thought, but not all 

such objects are expressible. I will discuss this possibility in the next section. Secondly, we 

could make alterations to the basic probabilistic model (or its interpretation) that was devel-

oped in §3; I will discuss this line of response in §6. 

5. The Expressibility Assumption (Again) 

There is surprisingly little philosophical discussion regarding whether every possible object of 

thought is linguistically expressible, though to the extent that the question has been discussed 

the general presumptive answer has been affirmative; e.g., (Searle 1969, pp. 19ff), (Katz 

1978), (Schiffer 2003, p. 71), (Priest 2006, p. 54), and especially  (Hofweber 2006; see also 

his 2016). Michael Dummett goes so far as to state a priori that: 

Thoughts differ in all else that is said to be among the contents of the mind in being wholly 

communicable: it is of the essence of thought that I can convey to you the very thought I have 

[...] It is of the essence of thought, not merely to be communicable, but to be communicable, 

without residue, by means of language. (1978, p. 142) 

One would by no means be alone in presupposing the existence of ℒ. 

Moreover, the existence of something much like ℒ is strongly suggested by a wide variety 

of positions in philosophy. The assumption plays a role in important attempts to explain men-

tal representation; see, e.g., (Field 1978), whose approach is premised on our ability to de-

compose attitudinal relations between thinkers and propositions into (a) relations between 

thinkers and sentences, and (b) between sentences and meanings. Likewise, the existence of a 

language like ℒ is a background presupposition of inferential role semantics as cashed out by, 

e.g., (Boghossian 1993, pp. 73-4), whereby we assign contents to sentence-like symbol struc-

tures by taking causal patterns between them to mirror truth-preserving patterns of implication 

between propositions. In order for this kind of story to work, every thought that a particular 

believer might have had better be expressible by some sentence in some language or other. 

More generally, if one accepts the arguments for the existence of a Language of Thought as 

the psychological basis for our capacity to have propositional attitudes, then the existence of ℒ 

seems hard to deny. 

Likewise, the existence of a language rich enough to express each of our beliefs is implic-

it in several accounts of the nature of mental content itself. In Chalmers’ epistemic two-

dimensionalism, the contents of thoughts—including our partial beliefs—are modelled as 
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functions from ‘scenarios’ to extensions, with each ‘scenario’ being a complete description of 

an epistemically possible world in an idealised language consisting primarily of vocabulary 

for describing the microphysical and phenomenal characteristics of the world (see Chalmers 

2011a; 2011b; 2012; see also Chalmers and Jackson 2001). And, as was noted in §1, Mark 

Jago argues for the existence of a richly expressive Lagadonian ‘world-building’ language for 

just the purpose of modelling hyperintensional belief contents as sets of possible and impossi-

ble worlds (where a ‘world’ in his framework is a set of Lagadonian sentences). 

With that said, the recent literature has seen some purported counterexamples to my as-

sumption about the expressibility of belief. James Shaw (2013) develops a variation on the 

Berry paradox to argue for the existence of a kind of inexpressible thought content—an in-

stance of a case which he says “happens on extremely rare occasions due to a particular kind 

of linguistic technicality” (p. 70). Benj Hellie (2004) has also argued that there may be truths 

about phenomenal experience which we can appreciate but not express linguistically. And if 

one thinks that there is a one-to-one correspondence between ways the world might be and 

possible belief contents, then there are also classic expressive inadequacy arguments involv-

ing qualitatively indiscernible individuals and alien properties, to the effect that no language 

can describe every possibility (e.g., Lewis 1986, pp. 157ff; Bricker 1987). 

I will not discuss any of these cases in any detail. Perhaps each case is a genuine problem 

for my assumption that ℒ exists as characterised. But acquiescing on this point hardly seems 

to help with the problem currently at hand. The inexpressibility of most of 𝒞r’s domain can-

not be explained by an occasional linguistic technicality. And moreover, the inexpressible 

propositions that we have been describing are not plausibly about some ineffable aspect of 

our phenomenal experience, alien properties, or qualitatively indiscernible individuals. If ℒ 

lacks the expressive power to represent our thoughts about such things—so be it. Let ℒ repre-

sent a language capable of expressing only those more mundane beliefs which are expressible, 

like the belief that there are dogs. What kind of content could the set of worlds where ‘There 

are dogs’ is not true represent, if not that there are no dogs? Clearly, it has something to do 

with the existence of dogs—but what? 

The point here is general. An adequate response to the argument of §4 can’t be to just 

point out that there may be some possible things α could believe which are not expressible. 

The odd inexpressible object of thought here and there isn’t too much cause for concern—but 

the underlying problem survives mere counterexamples to the existence of ℒ. Unless we make 

serious changes to the basic probabilistic model of our beliefs, so long as Booleanism and 

(Really) Unrestricted Comprehension are true, then if you have a degree of belief x towards 

PS then you have a degree of belief (1 – x) towards the inexpressible proposition PS
C; and if 

you have degrees of belief x and y towards PS and PS* then you’ll have some degree of belief z 

≤ x, y towards the inexpressible PS ∩ PS* and ((x + y) – z) towards PS ∪ PS*. Inexpressibility 

on this model is not some esoteric phenomenon resting on a technicality, nor does it seem to 

be limited to a specific kind of topic (e.g., phenomenology, alien properties) about which we 

might have beliefs. We get to keep the model only if we’re happy with the implication that 

thinkers in general have at least as many partial beliefs towards inexpressible propositions as 

they do towards expressible propositions. And that is a hard pill to swallow. 

For similar reasons, I am not moved by simple cardinality arguments aimed at showing 

that we must accept the existence of inexpressible propositions, regardless of whether we 

adopt impossible worlds into our ontology or not. Some vigorously intuit that for any subset 𝒮 

of any language ℒ, α might (partially) believe that all and only the sentences of 𝒮 are true. If ℒ 

is set-sized, then the cardinality of the ℘(ℒ) is strictly greater than that of ℒ. It follows that ℒ 

cannot contain a unique sentence S for each subset 𝒮 ⊆ ℒ to the effect of ‘All and only the el-

ements of 𝒮 are true’. Thus, either the content in question is not expressible at all, or it cannot 

be expressed in ℒ—either way, ℒ is not up to the task of expressing everything that α might 
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believe. But even if the basic intuition which underlies this argument is correct—and it is by 

no means obvious that it is—the conclusion is merely that we must accept that we might have 

some inexpressible (partial) beliefs. What the argument doesn’t do is give us any reason to 

think that the algebra of propositions ℬ that constitutes what α actually has partial beliefs to-

wards is filled to the brim with inexpressible propositions. Indeed, it’s perfectly consistent 

with the argument’s conclusion that ℬ contains no inexpressible propositions at all. 

Finally, although I have tried to present my argument in a way that is neutral with respect 

to different theories of what worlds are, there are ways of approaching the metaphysics of 

worlds which cannot avoid a version of my argument no matter how expressively inadequate 

any given language is. In particular, Daniel Nolan (1997) favours an approach where proposi-

tions are taken to be the fundamental entities from which worlds are constructed, rather than 

vice versa. On his picture, possible worlds are maximal consistent sets of propositions in the 

style of (Adams 1974), while impossible worlds are those sets of propositions which are in-

consistent and/or non-maximal. Adopting this view, we could let ℒ be the class of all proposi-

tions, trivialising the question as to whether ℒ is ‘expressively rich enough’ to capture every 

belief α might have. We can then easily see that once something like Unrestricted Compre-

hension holds, there will be sets of worlds with no proposition in common amongst their 

members. These sets of worlds will not only be linguistically inexpressible, but quite literally 

unthinkable.16 

6. Probabilities without Booleanism 

Assuming that we want to avoid an excessive attribution of attitudes towards inexpressible 

propositions, then, our only other option looks to be an alteration of the probabilistic model 

outlined in §3. The obvious thing to change would be the assumption of Booleanism, which 

(in combination with the comprehension principles) leads directly to the problems with inex-

pressible propositions. I will say a few words about dropping Booleanism in a moment, but 

first I want to note some alterations to the model (or its interpretation) which I don’t think will 

be very fruitful. 

First of all, I think it would be a mistake to try to pin the blame on the fact that 𝒞r is a 

probability function, defined using a simple probability distribution 𝒟 over Ω+ (or an arbi-

trarily fine-grained partition thereof). To be sure, I have relied on the properties of these kinds 

of functions at several points in making my arguments; most notably, in motivating the use of 

impossible worlds in the model in the first place, and in presenting the reasons for assuming 

Minimal Richness. But if what I’ve said is taken to supply reasons to reject the use of proba-

bility distributions in modelling α’s degrees of belief, then it gives us reason to reject plenty 

more besides. 

For instance, Dubois and Prade’s (1988) possibility theory allows us to systematically 

construct a degree of belief function on the basis of what they call a possibility distribution; 

i.e., a function 𝒟 from a space of worlds into [0, 1] such that 𝒟(ω) = 1 for at least one world 

ω. We then define 𝒞r on some Boolean sub-algebra on the space of worlds as follows:  

𝒞r(P) = sup{𝒟(ω): ω ∈ P}, and 𝒞r(∅) = 0 

Defining 𝒞r in this way implies that it is sub-additive:  

 
16 This point is unknown to Nolan, who notes that there are sets of worlds in his model which correspond 

to no proposition (as he uses the term): “However, not every arbitrary set of worlds should count as a proposition 

once enough impossible worlds are admitted—since an impossible world w which is obtained by adding further 

things true to all of the things true at a possible world v … will be such that v will occur in every proposition in 

which w occurs (on pain of a proposition being true at v which is not true at w): so those sets containing w but 

not v should not count as propositions.” (Nolan 1997, p. 563). 
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𝒞r(P ∪ P*) = max{𝒞r(P), 𝒞r(P*)} ≤ 𝒞r(P) + 𝒞r(P*) 

However, 𝒞r so-defined will still satisfy Nonnegativity, Normalisation, and Monotonicity, so 

it faces its own logical omniscience problems whenever we limit the space of worlds only to 

those which are possible.  

More generally, the large majority of formal systems for the representation of partial be-

liefs will have 𝒞r satisfy at least one of Nonnegativity, Normalisation, and Monotonicity—

e.g., Choquet capacities (Choquet 1954; applied in, e.g., Tversky and Kahneman 1992), 

Dempster-Shafer belief and plausibility functions (Dempster 1968; Shafer 1976), possibility 

measures (Dubois and Prade 1988), ranking functions (Spohn 2012), and the interval-valued 

functions of (Levi 1974) and (Kyburg 1992). (It’s worth noting that these systems are general-

ly structured around the assumption of Booleanism, or something much like it.) Given that it 

would be better not to throw out most of what we’ve managed to achieve vis-à-vis the formal 

representation of partial belief, it might be best to take a deeper look at the Booleanism as-

sumption. 

We could keep Booleanism if we made some changes to how we interpret 𝒞r. For in-

stance, instead of saying that 𝒞r(P) = x if and only if α has degree of belief x towards some 

object of belief represented by P, we might instead say that 𝒞r represents α’s degrees of belief 

only where the propositions in question are expressible. But what then of the values that 𝒞r 

assigns to inexpressible propositions? One thought would be to say that while 𝒞r represents 

α’s degrees of belief when P is expressible, it represents some other propositional attitude ϕ 

when P is inexpressible. For instance, one might think that if P is expressible, then 𝒞r(PC) 

represents α’s degree of rejection towards P, which plausibly is 1 – 𝒞r(P).17 However, this 

kind of ‘rejectionist’ proposal will only work if the complement of every inexpressible propo-

sition is expressible, which is not in general the case. In particular, the domain of 𝒞r has to be 

closed under unions, and the complement of the (inexpressible) union of two expressible 

propositions will often be itself inexpressible. Of course, we could still suppose that there ex-

ists some broadly ‘doxastic’ attitude ϕ that we have directed towards inexpressible proposi-

tions—but what reason do we have for positing the existence of ϕ, beyond the desire to 

preserve some modelling assumptions? 

A better option would be to drop the assumption of Booleanism altogether. The definition 

of 𝒞r in terms of 𝒟 does not rely on it, and we can still get from 𝒟 to a value for any collec-

tion of expressible propositions without it. However, we shouldn’t be too quick to dismiss 

Booleanism, which might still play an important role when it comes to understanding our de-

grees of belief and related phenomena. 

Most saliently, it frequently comes up in various representation theorems, where the as-

sumption that ℬ has some minimally rich algebraic structure is a basic component of our ca-

pacity to assign numerical values to the propositions within ℬ in a meaningful and systematic 

way. For example, the assumption plays a role throughout Richard Jeffrey’s (1990) represen-

tation theorem for expected utility theory—where, if we were to assume that the space of 

thinkable propositions ℬ was such that none of its members is a subset of any other members, 

almost all of his axioms would be either meaningless or trivial. Booleanism is a standard as-

sumption for theories of decision making and uncertainty, with most decision-theoretic repre-

sentation theorems being built around it.18 

Or consider Stefánsson’s (forthcoming) account of numerical degrees of belief in terms 

of qualitative belief orderings over propositions, a common approach which goes back to (de 

Finetti 1931) and importantly dependent on ℬ having a rich algebraic structure. Without 

 
17 Thanks to [anonymous] for raising this suggestion. 
18 (Steele and Stefánsson 2015) contains a philosophical overview of expected utility theory and some of its 

most important representation theorems. 



17 

something like the axiom of qualitative additivity—that if P and P* both have null intersec-

tion with P**, then one holds P to be more likely than P* if and only if one holds P ∪ P** to 

be more likely than P* ∪ P**—the qualitative belief ordering would lack adequate enough 

structure to be anything more than a simple (and representationally inadequate) ordinal scale. 

The probabilistic analogues of logical omniscience require some solution if we’re ever 

going to model the partial beliefs of ordinary agents. But it’s hard to see how that can be done 

so long as the objects of thought are treated as sets of merely possible worlds. The solution we 

end up with may involve the introduction of impossible worlds, but this looks to be a viable 

solution only if we drop the very standard—and oft relied upon—assumption of Booleanism, 

or if we embrace the inexpressibility of most of our thoughts. Neither option seems particular-

ly appealing, and we may well do better to look for a solution without the impossible. 
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