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1. Introduction 

Each of the theorems considered thus far have been multiset theorems—that is, theorems such 

that the objects of credence, utility, and the basic objects of preference are modelled by distinct 

sets. For instance, in Savage’s system, credences attach to events (sets of states), utilities attach 

to outcomes, and preferences attach to functions from states to outcomes; and in Ramsey’s 

system, credences attach to members of an arbitrarily chosen set of propositions, utilities attach 

to maximally or near-maximally specific propositions, and the basic objects of preference can 

be treated as ordered triples consisting of a pair of outcomes and a proposition. 

The vast majority of representation theorems have this multiset structure. By contrast, the 

two monoset theorems to be considered here have their objects of credence, utility, and prefer-

ence all drawn from a single set of propositions, which we’ll label 𝒫. The mathematical basis 

for the main theorem that we will consider was first developed by Bolker (1966, 1967), and its 

application to decision theory was extensively discussed in Jeffrey (e.g., 1978, 1990). In the 

final section, we will also an extension of the Jeffrey-Bolker theorem which makes appeal to 

an additional primitive binary relation, intended to represent agents’ comparative degrees of 

belief. 

2. The Jeffrey-Bolker Theorem: Background 

We begin with the standard preference relation, ≽, defined on a σ-algebra of propositions 𝒫 = 

{P, Q, R, …}, constructed from some set of worlds, Ω. 

 
Definition 1: Algebra of Sets 

𝒫 is an algebra of sets on Ω iff 𝒫 is a non-empty set of subsets of Ω such that for every P, Q ∈ 

𝒫, 

i)  Ω ∖P ∈ 𝒫 

ii)  (P ∪ Q) ∈ 𝒫 

Furthermore, 𝒫 is a σ-algebra iff it is an algebra and: 

iii)  If P, Q, R, … is in 𝒫, then so is S = (P ∪ Q ∪ R ∪ …) 

 

Note that it follows from (i), (ii), and the fact that 𝒫 is non-empty, that both Ω and the empty 

set ∅ must be in 𝒫. I will, in all that follows, assume that Ω is a set of possible worlds; hence 

there is no distinction between logically equivalent propositions in 𝒫. As usual, this kind of 

treatment is not a formal pre-requisite for the theorem’s proof which only depends on the alge-

braic structure of the set 𝒫, but it has important implications for how we might go about giving 

the theorem a plausible decision-theoretic interpretation. For related reasons, I will leave it as 

an open question what notion of possibility is being employed here, though plausibly some 

appropriately doxastic or epistemic notion of possibility would be best, at least where these are 

taken as restrictions on the space of logically possible worlds. 

Since ≽ is not taken to be defined only on proper objects of choice (à la Savage) but instead 

on arbitrary propositions, this relation is best understood in a mentalistic sense rather than in 

terms of choice-dispositions; i.e., to say that P ≽ Q holds for an agent S is to describe S as being 
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in a particular state of mind—the state of mind she is in whenever she finds the truth of P to be 

at least as desirable as that of Q. It is this sense of ‘preference’ that Jeffrey seems to have had 

in mind when he wrote that: 

 
To say that [P] is ranked higher than [Q] [in the agent’s preference ranking] means that the agent 

would welcome the news that [P] is true more than he would the news that [Q] is true: [P] would 

be better news than [Q]. (1990, 82) 

 

In Jeffrey’s system, the subject is assumed to have complete preferences over all proposi-

tions in 𝒫. Only a (relatively) small number of these propositions correspond directly to actions 

that are available to the subject to perform, to proper objects of choice. Roughly, these are the 

propositions P such that if she were to intend to make P true, P would indeed be made true. We 

can call these action-propositions.1 So S might, for instance, be able to make true that S walks 

across the room or that S reads a book by a simple exercise of the will, but she cannot make 

true that dinosaurs never existed or that there are dogs and no dogs; the former two proposi-

tions, then, are action-propositions, while the latter two are not.  

Importantly, in the final representation, there is no important difference between action-

propositions and any other (non-atomic) propositions in 𝒫—every proposition P is assigned a 

utility that represents its location in the ≽ order, where its utility is equal to its conditional 

expected utility, calculated according to the Jeffrey-Bolker equation (where {P1, P2, …, Pn} is 

any finite partition of P such that each member is also in 𝒫): 

 
Jeffrey-Bolker Equation 

𝒟es(P) = ∑   
𝑖 ℬel(Pi|P).𝒟es(Pi) 

 

The difference between action-propositions and non-action-propositions only comes into play 

when we come to formulating decision problems, where for convenience’s sake our attention 

is best focused just on those propositions which correspond to proper objects of choice. There 

is no point ranking all propositions for the purposes of choosing between them if only a small 

subset of those actually make sense as objects of choice. 

Every proposition in 𝒫 will eventually be assigned a probability. The domains of the cre-

dence and utility functions therefore overlap entirely: they are one and the same. In this respect, 

the Jeffrey-Bolker theorem is vastly different than that of Savage’s, and almost every other 

multiset theorem that has yet been developed. In Savage’s system, the domains of the credence 

and utility functions are not only different, but—for reasons quite fundamental to the system 

Savage developed—they are usually taken to be entirely non-overlapping: one cannot be rep-

resented as having credences for some proposition towards which one has utilities, and neither 

can one be represented as having utilities for some proposition towards which one has cre-

dences. Furthermore, in Savage’s framework, one cannot have credences towards what we have 

just called action-propositions: every state must be consistent with every action, and hence 

 
1 Jeffrey characterises the main objects of choice in his decision theory more specifically than this; namely, as 

propositions such that it would be entirely rational for the subject to become certain that the proposition is true 

upon receiving evidence that she has intended or chosen to make it true. Not every action-proposition as I’ve just 

characterised them will satisfy this condition. (There are propositions that I have the capacity to make true by a 

pure act of the will, where I have no particular reason to be certain of this ability.) The additional requirement of 

conditional certainty is analogous to the requirement we noted earlier for Savage’s system: that every act consid-

ered as an object of choice must be such that the subject in question is certain that she would perform it, should 

she so intend. 
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every event (the objects of Savage’s credence functions) will also be consistent with every ac-

tion. I have argued elsewhere that these properties represent a significant flaw in Savage’s and 

similar systems (see Elliott MS), and I will not repeat those arguments here—though, it is worth 

noting that mine is a relatively unorthodox position within decision theory (e.g., Fishburn 1988, 

pp. 186-7, 194).2  

More generally, while the representation theorem that we will consider next is by far one of 

the best known and respected amongst philosophers, within other disciplines the monoset 

framework is extremely rare. As Fishburn puts it, 

 
Although well known in certain philosophical circles, Jeffrey’s work is infrequently cited, and by 

implication not widely known, in other disciplines that share the legacy of preference and decision 

theory … A casual search of works on the foundations of decision and relational measurement in 

the fields of psychology, economics, statistics and management science indicates that if Jeffrey’s 

work is mentioned at all, it is likely to be in reference to The Logic of Decision, and then only to 

note that it proposes a theory of decision that differs from traditional paradigms. (1994, p. 136) 

 

There are, consequently, very few representation theorems based on an ontologically similar 

formal setup. Two recent exceptions to this trend can be found in (Bradley 1998, 2007) and 

(Ahn 2008). Armendt’s (1986) theorem is ontologically similar to Jeffrey’s system in that it 

takes preferences to be defined on a set of propositions, however he also takes as basic objects 

of preference the set of all possible objective-chance lotteries that may be formed thereupon. 

3. The Axioms 

Let us move on to a discussion of the theorem’s axioms. The first two are straightforward:3 

 
A1: Non-Triviality 

For some R ∈ 𝒫, R ≻ (R ∪ ¬R) ≻ ¬R 

 
A2: Weak Ordering  

≽ on 𝒫 is transitive and complete 

 

A1 is required if any interesting representation of the agent’s preferences is to exist; the prop-

osition R that it mentions will be used to scale 𝒟es (as described below). A2 is a very standard 

weak-ordering requirement, and obviously necessary if ≽ is to be represented numerically in 

the usual way. 

Next, for all relevant propositions: 

 
A3: Averaging 

If (P ∩ Q) = ∅ and P ≽ Q, then P ≽ (P ∪ Q) ≽ Q 

 

A3 is an averaging condition and in some respects the most distinguishing feature of the theo-

rem.4 It says something very similar to A1, but applies to all disjoint pairs of propositions. It 

 
2 Interestingly, Bolker himself was uncomfortable with the lack of a clear distinction within his formal system 

between objects of preference, credence, and utility; see (Bolker 1967, p. 335, fn. 7). 
3 Partly for the sake of readability and partly due to limitations in the choice of word processing program, I am 

slightly abusing notation here. In all that follows, ¬P should be read as the complement of P with respect to Ω. 
4 A3 plays a similar role in the Jeffrey-Bolker theorem as Savage’s P2 plays in his. Unlike Savage’s axiom, 

however, does not conflict with the preference patterns outlined by Allais in his (1953), nor does its plausibility 
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effectively implies that no proposition is more desirable than any of its more specific realisa-

tions. 

If one is tempted to read A3 as just saying that for any incompatible pair of propositions P 

and Q, the desirability of the disjunction (P ∨ Q) ought to sit weakly between the desirabilities 

of P and Q, then A3 seems normatively plausible—and, at least to some extent, even descrip-

tively plausible. But it is important to keep in mind that (P ∪ Q) picks out any proposition R 

which is necessarily equivalent to (P ∨ Q), for whatever sense of ‘necessity’ is in play. For less-

than-ideal subjects, then, who may not always recognise these equivalencies, this axiom is in 

fact quite demanding—and very probably false. This same point applies to most of the other 

axioms we will consider here. The Jeffrey-Bolker theorem relies quite heavily on the set-theo-

retic relations between the members of 𝒫, a reliance forced upon it by the lack of internal struc-

ture attaching to the basic relata of its ≽ relation. 

The next preference condition is crucially important for the existence of the desired repre-

sentation; in particular, failure to satisfy this condition results in a probabilistically incoherent 

ℬel function. 

 
A4: Impartiality  

If P ≽ P′ and if (P ∩ Q) = (P ∩ Q*) = (P′ ∩ Q) = (P* ∩ Q*) = ∅, then either:  

i)  It’s not the case that Q ≻ (P* ∪ Q) ≽ (P ∪ Q) ≻ P ≽ P* ≻ (P* ∪ Q*) ≽ (P ∪ Q*) ≻ 

Q*, or  

ii)  Q ≻ (P* ∪ Q) ∼ (P ∪ Q) ≻ P ∼ P* ≻ (P* ∪ Q*) ∼ (P ∪ Q*) ≻ Q* 

 

The basic role of A4 is similar to that of Savage’s condition P4—namely, it is partially used to 

ensure that a comparative degree of belief relation ≽b on 𝒫 can be coherently defined in terms 

of ≽, using a variation on Savage’s ‘Coherence’ principle: 

 
Definition 2: Monoset coherence 

If P, P*, Q ∈ 𝒫, and (P ∩ Q) = (P* ∩ Q) = ∅, then: 

i)  P ≽b P* if (Q ≻ (P* ∪ Q) ≽ (P ∪ Q) ≻ P ≽ P*) or (P* ≽ P ≻ (P* ∪ Q) ≽ (P ∪ Q) ≻ Q); 

ii) P ∼b P* if (Q ≻ (P* ∪ Q) ∼ (P ∪ Q) ≻ P ∼ P*) or (P* ∼ P ≻ (P* ∪ Q) ∼ (P ∪ Q) ≻ Q);  

iii) P ≻b P* if (Q ≻ (P* ∪ Q) ≽ (P ∪ Q) ≻ P ≽ P*) or (P* ≽ P ≻ (P* ∪ Q) ≽ (P ∪ Q) ≻ Q), 

provided at least one ≽ can be replaced by ≻ 

 

The reasoning behind Definition 2 is  somewhat involved. I will only explain the stated condi-

tion for ∼b; once this has been understood it is easy to see how to extend it to ≽b and ≻b. We 

can break the condition down into the following key parts: 

 
(a)  Q is incompatible with P and with P* 

(b)  P ∼ P* ≁ Q 

(c)  (P ∪ Q) ∼ (P* ∪ Q) 

 

Assume that 𝒟es is a function which represents ≽, so:  

 
𝒟es(P) = 𝒟es(P*) ≠ 𝒟es(Q)  

 
rely on the particular kinds of assumptions that Savage made regarding how the decision situation is to be concep-

tualised. A3 is also very similar in nature to an assumption made by Ramsey in his (1931) representation theorem, 

that if some outcome o is preferred to another outcome o*, then a gamble which returns o if P is true and o* 

otherwise should have its value sit somewhere weakly between o and o*. 
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Furthermore, assume ℬel is a probability function and representing the agent’s credences and 

that our subject evaluates the utility of a proposition as per the Jeffrey-Bolker equation, such 

that: 

 
𝒟es(P ∪ Q) = ℬel(P | P ∪ Q).𝒟es(P) + ℬel(Q | P ∪ Q).𝒟es(Q) 

𝒟es(P* ∪ Q) = ℬel(P* | P* ∪ Q).𝒟es(P*) + ℬel(Q | P* ∪ Q).𝒟es(Q) 

 

Note that because P and Q partition (P ∪ Q), the conditional probabilities ℬel(P | P ∪ Q) and 

ℬel(Q | P ∪ Q) must sum to one; thus: 

 
ℬel(Q | P ∪ Q) = 1 – ℬel(P | P ∪ Q) 

 

The same of course goes for ℬel(P* | P* ∪ Q) and ℬel(Q | P* ∪ Q). To make things simple, 

we’ll focus on the case where Q is strictly preferred to both P and P*. Now, if the subject has 

any positive credence in Q, then when Q is ‘added’ to either P or P* to produce (P ∪ Q) and 

(P* ∪ Q) respectively, it will raise the average utility of those unions; that is:5 

 

𝒟es(P ∪ Q) > 𝒟es(P)  

𝒟es(P* ∪ Q) > 𝒟es(P*) 

 

We see this pattern reflected in each of the conditions for Definition 2 and in A4. (If Q were 

considered less desirable than either P or P*, then adding it to those propositions would lower 

the average utility of those unions.) All this follows straightforwardly from (a) and (b); the 

really interesting thing about the pattern of preferences that we are considering comes from (c), 

from which it follows that: 

 
𝒟es(P ∪ Q) = 𝒟es(P* ∪ Q) 

 

Given what we’ve said so far, this will give us enough to establish that ℬel(P) = ℬel(P*). 

Let c1 represent the value 𝒟es(P) = 𝒟es(P*), and let c2 represent the value 𝒟es(Q); hence 

(c1 – c2) ≠ 0. Furthermore, let c3 be the value 𝒟es(P ∪ Q) = 𝒟es(P* ∪ Q). Finally, let x = ℬel(P 

| P ∪ Q) and y = ℬel(P* | P* ∪ Q). We can now prove that x = y. 

 
c3 = x.c1 + (1 – x).c2 = y.c1 + (1 – y).c2 

c3 = x.c1 + c2 – x.c2 = y.c1 + c2 – y.c2 

c3 – c2 = x.c1 – x.c2 = y.c1 – y.c2 

c3 – c2 = x.(c1 – c2) = y.(c1 – c2) 

(c3 – c2) / (c1 – c2) = x = y, where (c1 – c2) ≠ 0 

 

So, ℬel(P | P ∪ Q) = ℬel(P* | P* ∪ Q). By the definition of conditional probabilities, the fact 

that Q is incompatible with P and with P*, and that probabilities are additive, we can now easily 

reason our way to the conclusion that ℬel(P) = ℬel(P*): 

 

 
5 Note that, since each condition in Definition 2 requires that P ≁ (P ∪ Q) and P* ≁ (P* ∪ Q), the proposition 

Q must be non-null, in the sense of Definition 3 below. A simple example of why this must be so can be seen by 

letting Q = ∅, such that P = (P ∪ Q) and P* = (P* ∪ Q). Axioms A5 and A6 then effectively say that all null 

propositions behave in a similar manner to the empty set, so whatever Q is, it cannot be null. 
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ℬel(P | P ∪ Q) = ℬel(P* | P* ∪ Q) = x 

ℬel(P ∩ (P ∪ Q)) / ℬel(P ∪ Q) = ℬel(P* ∩ (P* ∪ Q)) / ℬel(P* ∪ Q) = x 

ℬel(P) / ℬel(P ∪ Q) = ℬel(P*) / ℬel(P* ∪ Q) = x 

 

Let ℬel(P) = x, ℬel(P*) = y, and ℬel(Q) = z > 0. By additivity,  

 
x / (x + z) = y / (y + z) 

x.(y + z) / (x + z) = y 

x.(y + z) = y.(x + z) 

xy + xz = yx + yz 

 

Then, by dropping the constant factor xy from both sides of the final equality, we get that xz = 

yz; and since z > 0, it follows that x = y. So ℬel(P) = ℬel(P*). Thus, as per Definition 2, if some 

Q is incompatible with P and with P*, and Q ≻ (P* ∪ Q) ∼ (P ∪ Q) ≻ P ∼ P*, then P ∼b P*. 

Given the definition, A4 in effect says that an agent’s preferences should never be such that 

for any pair of propositions P, Q ∈ 𝒫, both P ≽b Q and Q ≻b P are both true. This is a plausible 

constraint on ≽b, of course, but it also means that the plausibility of A4 rests somewhat on the 

plausibility of Definition 2 qua definition of our relative degrees of belief—which in turn rests 

on a background commitment to the plausibility of the Jeffrey-Bolker equation as a decision 

rule. In Jeffrey’s own words, 

 
The axiom [A4] is there because we need it, and it is justified by our antecedent belief in the 

plausibility of the result we mean to deduce from it. (1990, p. 147) 

 

Note that A4 will not imply that at least one of P ≽b Q or Q ≻b P must be true. In fact, without 

specifying axioms further to those listed in this section, ≽b will not be complete. It is therefore 

important to recognise that while the Jeffrey-Bolker axioms do establish a means by which ≽b 

as defined here can be represented by a probability function (in fact a number of probability 

functions), if one allows that a subject’s full range of comparative degrees of belief might out-

strip what’s captured by Definition 2 then that subject might satisfy each of the axioms whilst 

being highly probabilistically incoherent (cf. Joyce 1999, pp. 134-7). 

The next few preference conditions will require us to characterise a set of null propositions, 

each of which will be assigned a value of 0 by ℬel in the final representation: 

 
Definition 3: Null propositions 

𝒩 = {P ∈ 𝒫: (P ∪ Q) ∼ Q for some Q ∈ 𝒫 such that P ∩ Q = ∅ and P ≁ Q} 

 

As with other definitions of nullity, the idea makes intuitive sense from a pragmatic standpoint: 

if the subject is not indifferent between some pair of disjoint propositions P and Q, then she 

should only be indifferent between (P ∪ Q) and Q if she is entirely confident that P is false. We 

can then assume, given her degrees of belief, that the news that (P ∪ Q) is true is in effect just 

the news that Q is true. This basic idea is formalised in A5: 

 

A5: Nullity 

If P ∈ 𝒩, then (P ∪ Q) ∼ Q for all Q ∈ 𝒫 

 

The next three preference conditions help to ensure that ℬel is a probability function, and 

that it is countably additive: 
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A6: Null Consistency 

∅ ∈ 𝒩, and: 

i)  If P ∈ 𝒩 and Q ∈ 𝒫, then (P ∩ Q) ∈ 𝒩;  

ii)  If {P1, P2, P3, …} is a countable subset of 𝒩, then (P1 ∪ P2 ∪ P3 ∪ …) ∈ 𝒩 

 

A7: Archimedean 

Any collection of pairwise incompatible propositions in 𝒫 – 𝒩 is countable 

 

A8: Continuity 

Let {P1, P2, P3, …} be a countable set of pairwise incompatible propositions in 𝒫 the union of 

which is P; then:  

i)  If Q ≽ (P1 ∪ P2 ∪ … ∪ Pn) for all n, then Q ≽ P; and  

ii)  If (P1 ∪ P2 ∪ … ∪ Pn) ≽ Q for all n, then P ≽ Q 

 

A6 is an obvious structural requirement if ℬel on 𝒫 is to have the shape of a probability func-

tion. As the name suggests, it places a small number of constraints on what propositions go into 

the null set, all of which are plausible if we assume that ℬel is probabilistically coherent. As 

with other Archimedean axioms, A7 has the effect of ruling out infinitesimal probabilities. A8 

ensures that ℬel is countably additive, and can be seen as a generalisation of the averaging 

principle discussed above. 

Before we get to a statement of the theorem, we will need one final axiom, which is purely 

structural in character: 

 
A9: Bottomlessness 

For all P ∈ 𝒫, if P ∉ 𝒩, then there exists two non-empty propositions Q, Q* ∈ 𝒫 such that Q, Q* 

∉ 𝒩, (Q ∩ Q*) = ∅, and P = (Q ∪ Q*) 

 

This condition states that the set of non-null propositions is bottomless, in the sense that for any 

non-null P, there will be at least two other non-null propositions P1 and P2 such that (P1 ∪ P2) 

= P. In terms of this final representation, this means that for any proposition P to which ℬel 

assigns some positive credence, we will always be able to sub-divide P into two more proposi-

tions such that ℬel also assigns each of them a positive credence. This places a rather strong 

constraint on the subject: in conjunction with the completeness condition (A2) it means that the 

subject cannot have preferences, credences, and utilities towards only a finite number of prop-

ositions. In this respect, however, the Jeffrey-Bolker theorem is not much worse off than any 

other of the major representation theorems, which tend to impose similar sorts of conditions. 

4. The Representation Theorem and its Uniqueness Result 

We can now state the Jeffrey-Bolker representation theorem: 

 
Theorem 1 

If A1 – A9 hold of <Ω, 𝒫, ≽>, then there exists a countably additive probability function ℬel on 

𝒫 and a real-valued function 𝒟es* on Ω, whose associated conditional expected utility 𝒟es on 𝒫 

is such that for all P, Q, R ∈ 𝒫, 

i) 𝒟es(P) = ∑   
𝛀 ℬel(ω|P).𝒟es*(ω) 

ii) 𝒟es(R) = 1 and 𝒟es(R ∪ ¬R) = 0, for some R satisfying A1 

iii) 𝒟es(P) ≥ 𝒟es(Q) iff P ≽ Q 

Furthermore, the pair <ℬel, 𝒟es> is unique up to a fractional linear transformation. 
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Note that the representation involves two utility functions: 𝒟es*, defined only on the atomic 

elements of 𝒫, and 𝒟es, defined for all P ∈ 𝒫 and characterised in terms of ℬel and 𝒟es*. 

The uniqueness properties of this representational system are quite different than those we 

find in other expected utility theorems. Neither ℬel, 𝒟es*, nor 𝒟es are unique; instead, the pair 

<ℬel, 𝒟es> is unique up to a fractional linear transformation, with 𝒟es normalised such that 

𝒟es(R ∪ ¬R) = 0 and 𝒟es(R) = 1, for some proposition R satisfying A1. Let inf be the greatest 

lower bound of the values assigned by 𝒟es, and let sup designate the least upper bound. Finally, 

let λ be a parameter falling between –1/inf and –1/sup. Then the fractional linear transformation 

<ℬelλ, 𝒟esλ> of <ℬel, 𝒟es> corresponding to λ is given by: 

 
ℬelλ(P) = ℬel(P).(1 + λ𝒟es(P)) 

𝒟esλ(P) = 𝒟es(P).((1 + λ) / (1 + λ𝒟es(P)) 

 

Interestingly, these kinds of transformations of a <ℬel, 𝒟es> pair can alter not only the absolute 

values that ℬel assigns to propositions, but also their relative values. That is, different possible 

representations of exactly the same system of preferences will sometimes disagree regarding 

which of two propositions has should be assigned a higher credence. More generally, an agent’s 

preferences on this kind of monoset framework do not typically determine a unique relative 

credence ordering ≽b on 𝒫.  

The relatively weak uniqueness conditions of Theorem 1 are widely taken to be a serious 

limitation of the result. In a number of works (e.g., 1974, 1983), Jeffrey suggested that it would 

be possible to pin down a unique ℬel if ≽b were treated as a primitive relation on par with ≽, 

and provided with its own set of conditions. Joyce (1999, pp. 138ff) proved that this is possible, 

and we will briefly consider that result in the next section.  

For now, however, I want to consider whether one really ought to be worried by the Jeffrey-

Bolker uniqueness result. In general, and as Joyce (2000) has argued, the concern about unique-

ness seems to stem from: 

 
… the bad-old behaviorist days when it was thought that (a) psychology should deal solely in 

observable magnitudes, (b) it is possible to analyze preferences reductively in terms of behavior, 

and (c) one can understand everything there is to understand about the rationality of beliefs by 

considering their role in the production of action. (p. S7) 

 

From this perspective—which at least at an earlier point in his career Jeffrey seems to have 

shared (though cf. the comments on pragmatism in Jeffrey 1983, pp. 138-9)—it’s easy to see 

why non-uniqueness should be troubling: if preferences are supposed to determine our beliefs 

and desires via something like the Jeffrey-Bolker representation result, then it looks like our 

beliefs and desires are quite radically indeterminate. There may be some indeterminacy in our 

mental states, but not up to a fractional linear transformation! 

As Joyce rightly argues, even if one accepted this kind of behaviourism, it would be a mis-

take to drop Theorem 1 in favour of some other theorem (like Savage’s) with a stronger unique-

ness result. In other theorems, the uniqueness result is achieved only by making very strong—

and generally very implausible—assumptions about agents’ options and their preferences over 

them. “[W]hen one looks closely at the way in which these theories obtain unique representa-

tions what one finds is mostly smoke and mirrors” (Joyce 2000, p. S7, emphasis added). A 

better response, I think, would be to forego the hope that preferences fully determine our beliefs 

and desires, and look for further constraints which in conjunction with the constraints upon 

preferences help to pin down an adequately unique interpretation. 
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5. A Dual-Primitive Monoset Theorem 

In this final section, I will outline Joyce’s (1999) important representation result as presented 

in a simplified form in (Joyce 2000). The name of the game here is to supplement the foregoing 

nine axioms on ≽ with a number of new axioms for ≽b (or ≽ and ≽b together), where ≽b is 

now being treated as a formal primitive rather than being defined in terms of ≽ via Definition 

2. As with ≽, we will assume that ≽b is defined on 𝒫. 

The first four additional axioms are actually due to Bruno de Finetti (1931), and help us to 

characterise what is nowadays known as a system of qualitative probability; i.e., a structure <𝒫, 

≽b>, where 𝒫 is an algebra of sets on Ω and ≽b a relation on 𝒫, which can be uniquely repre-

sented by a probability function.6 The de Finetti ‘Laws of Comparative Probability’ are that for 

all P, Q, R ∈ 𝒫, 

 
A10: Non-Negativity  

P ≽b ∅ 

 

A11: Non-Triviality   

Ω ≻b ∅ 

 
A12: Weak Ordering  

≽b is transitive and complete 

 
A13: Qualitative Additivity   

If (P ∩ R) = (Q ∩ R) = ∅, then P ≽b Q if and only if (P ∪ R) ≽b (Q ∪ R) 

 

A10 and A11 simply recapitulate, in qualitative terms, the non-negativity and non-triviality 

axioms of Kolmogorov’s (1933) probability calculus, while A12 is an obviously necessary con-

dition if a numerically-valued function like ℬel is to represent ≽b in the usual way. 

A13 is, as the name suggests, the qualitative analogue of additivity. It states that if R is 

inconsistent with both P and Q, then one should find P more probable than Q just in case one 

finds (P ∪ R) more probable than (Q ∪ R). That is, either the subject has no credence in R, in 

which case (P ∪ R) is effectively just P and (Q ∪ R) is effectively just Q, and P ≻b Q iff (P ∪ 

R) ≽b (P ∪ Q); or the subject has some credence in R, in which case A13 essentially says that 

the amount that R ‘adds’ to her credence in (P ∪ R) over P is just as much as it ‘adds’ to her 

credence in (Q ∪ R) over Q, and again P ≻b Q iff (P ∪ R) ≽b (P ∪ Q). It is easy to see, then, 

that any ℬel which represents ≽b will be additive only if A13 holds. 

Joyce also appeals to a continuity axiom, first laid down by Villegas (1964): 

 
A14: Continuity 

If P1, P2, P3, … ∈ 𝒫 and Q ≽b (P1 ∪ P2 ∪ P3 … ∪ Pn) for each n, then Q ≽b (P1 ∪ P2 ∪ P3 ∪ …) 

 

A14 states that for any sequence of propositions you care to mention, if the subject is at least 

as confident in Q as she is in the union of any finite number of propositions in the sequence, 

then she is at least as confident in Q as she is in the union of each of the propositions in the 

sequence as a whole. 

 
6 The use of representation theorems for systems of qualitative probability in the measurement and character-

isation of degrees of belief is discussed by Koopman (1940), Suppes (1994), Zynda (2000), and Meacham and 

Weisberg (2011), amongst others. 
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A10 through to A14 do most of the work in ensuring that a probability function ℬel can be 

defined which uniquely represents ≽b on 𝒫. But we do not want ℬel to float entirely free of the 

subject’s preferences, and so far nothing has been said to connect ≽ to ≽b. This is point of 

Joyce’s next two axioms: 

 
A15: Impartiality*  

If P, Q, R ∈ 𝒫 and (R ∩ P) = (R ∩ Q) = ∅, then P ≻b Q if either of the following patterns obtain: 

i) R ≻ (Q ∪ R) ≻ (P ∪ R) ≻ P ≽ Q, or 

ii) Q ≽ P ≻ (P ∪ R) ≻ (Q ∪ R) ≻ R 

 

A16: Nullity*  

P ∼b ∅ iff there is some Q ∈ 𝒫 such that Q ∼ (P ∪ Q) and Q ≁ P 

 

Both of A15 and A16 draw out constraints which allow us to directly connect preferences and 

comparative beliefs. A15 effectively links ≽b to ≽ in basically the same manner as Definition 

2 had us do (see esp. part (iii) of that definition), but via a substantive constraint on two relations 

taken as primitives rather than via a definitional stipulation. A16 then gives us a condition for 

when a subject has as much confidence in some proposition P as she has in the impossible 

proposition—i.e., none at all. If one supposes that the desirability of a proposition is equal to 

its conditional expected utility, then A16 is an eminently plausible condition: if P and Q are 

such that ℬel(P) = 0 and ℬel(Q) > 0, then 𝒟es(Q) will be the same as 𝒟es(Q ∪ P) regardless of 

whether 𝒟es(Q) = 𝒟es(P), for the P-worlds in (Q ∪ P) will contribute nothing to the conditional 

expected utility of that proposition over and above what is already contributed by the Q-worlds.  

Together, A15 and A16 can be used to establish that if two pairs <ℬel1, 𝒟es1> and <ℬel2, 

𝒟es2> obey the Jeffrey-Bolker equation and are such that 𝒟es1 and 𝒟es2 represent ≽ and ℬel1 

and ℬel2 represent ≽b, then ℬel1 = ℬel2 and 𝒟es1(P) = c + x.𝒟es2(P) for some positive x and 

constant c (Joyce 1999, pp. 138-45, 2000, p. S9). Or, more generally: 

 
Theorem 2 

If A1 – A16 hold of <Ω, 𝒫, ≽, ≽b>, then there exists a countably additive probability function 

ℬel and real-valued utility function 𝒟es such that for all P, Q ∈ 𝒫: 

i) P ≽ Q iff 𝒟es(P) ≥ 𝒟es(Q) 

ii) P ≽b Q iff ℬes(P) ≥ ℬel(Q) 

iii) 𝒟es(P) = ∑   
𝑖 ℬel(Pi|P).𝒟es(Pi), where {P1, P2, …, Pn} is any finite partition of P such 

that each Pi is in 𝒫 

Furthermore, ℬel is unique and 𝒟es unique up to choice of unit and zero point. 
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