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Introduction

constructivism

realism

(MEU) 𝑓 ¥ 𝑔 ⇔
∑︁
𝐸∈E𝑓

𝑝(𝐸)𝑢( 𝑓 (𝐸)) ≥
∑︁
𝐸∈E𝑔

𝑝(𝐸)𝑢(𝑔(𝐸))

Constructivism
Preferences are fundamental;
probabilities are ‘constructions’
for representing patterns in a
coherent system of preferences

Realism
Probability functions represent
a ‘real’ psychological quantity
(credence), part of what
causally determines preferences
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Introduction - The Legend of Zynda

𝑓 ¥ 𝑔 ⇔
∑︁
𝐸∈E𝑓

𝑝(𝐸)𝑢( 𝑓 (𝐸)) ≥
∑︁
𝐸∈E𝑔

𝑝(𝐸)𝑢(𝑔(𝐸))

⇕ bel (𝐸) = 9𝑝(𝐸) + 1

𝑓 ¥ 𝑔 ⇔
∑︁
𝐸∈E𝑓

bel (𝐸)𝑢( 𝑓 (𝐸)) − 𝑢( 𝑓 (𝐸)) ≥
∑︁
𝐸∈E𝑔

bel (𝐸)𝑢(𝑔(𝐸)) − 𝑢(𝑔(𝐸))
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Introduction - The Legend of Zynda

Two credence functions represent the same credences ...

• if / only if they’re related by a linear transformation
• if / only if they’re related by an order-preserving transformation
• if / only if they have some kind of interesting structure in common
• if they can both be combined with some representation of value in some

way to determine the same preferences
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Introduction - The Legend of Zynda

Two credence functions represent the same credences ...

• if / only if they’re related by a linear transformation incorrect
• if / only if they’re related by an order-preserving transformation false
• if / only if they have some kind of interesting structure in common no
• if they can both be combined with some representation of value in some

way to determine the same preferences nopey nope nope
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Overview

Structure of the talk...

1. Biconditionals galore! equivalent ways of representing preferences
2. Scalar realism: what it is and where it goes wrong
3. Structural realism: i.e., the true view
4. Appendices: proofs and other stuff I don’t have time for
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1. Biconditionals galore!



1.0 Preliminaries

The qualitative stuff...
• S is a (finite) set of states
• 2S is the set of events (sets of states)
• C is a set of consequences
• CS is the set of acts (functions from states to consequences)
• ¥ is a binary preference relation on CS

The numerical stuff...
• A utility function is any real-valued function on C
• A credence function is any real-valued function on 2S

• A probability function is a credence function 𝑐 that satisfies
Normalization. 𝑐(S) = 1
Non-negativity. 𝑐(𝐸) ≥ 0
Additivity. 𝐸 ∩ 𝐹 = ∅ implies 𝑐(𝐸 ∪ 𝐹) = 𝑐(𝐸) + 𝑐(𝐹)
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1.0 Preliminaries

Expected utility valuations (eu).
For all 𝑓 and any choice of partition E𝑓 of S such that 𝑓 is
constant on each 𝐸 ∈ E𝑓 ,

eu (𝑐,𝑢) ( 𝑓 ) =
∑︁

𝐸 ∈ E𝑓

𝑐(𝐸)𝑢( 𝑓 (𝐸))

Assumption. ¥ maximizes eu relative to exactly one probability
function 𝑝 — i.e., there is a unique 𝑝 and some 𝑢 such that

(MEU) 𝑓 ¥ 𝑔 ⇔ eu (𝑝,𝑢) ( 𝑓 ) ≥ eu (𝑝,𝑢) (𝑔)
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1.1 Positive scalar transformations

Example 1. 𝑐add(𝐸) = 10𝑝(𝐸)

0 0.5 1
0

5

10
y=x
y=10x
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1.1 Positive scalar transformations

Example 1. 𝑐add(𝐸) = 10𝑝(𝐸)

Normalization
𝑝(S) = 1

Non-negativity
𝑝(𝐸) ≥ 0

Additivity
𝐸 ∩ 𝐹 = ∅ implies
𝑝(𝐸 ∪ 𝐹) = 𝑝(𝐸) + 𝑝(𝐹)

⇒

Renormalization
𝑐add (S) = 10

Non-negativity
𝑐add (𝐸) ≥ 0

Additivity
𝐸 ∩ 𝐹 = ∅ implies
𝑐add (𝐸∪𝐹) = 𝑐add (𝐸)+𝑐add (𝐹)

7/50

https://tinyurl.com/few26sl


1.1 Positive scalar transformations

Expected utility valuations (eu).
For all 𝑓 and any choice of E𝑓 ,

eu (𝑐,𝑢) ( 𝑓 ) =
∑︁

𝐸 ∈ E𝑓

𝑐(𝐸)𝑢( 𝑓 (𝐸))

(MEU) 𝑓 ¥ 𝑔 ⇔ eu (𝑝,𝑢) ( 𝑓 ) ≥ eu (𝑝,𝑢) (𝑔)

if and only if

(ADD) 𝑓 ¥ 𝑔 ⇔ eu (𝑐add,𝑢) ( 𝑓 ) ≥ eu (𝑐add,𝑢) (𝑔)
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1.2 Positive affine transformations

Example 2. 𝑐aff (𝐸) = 9𝑝(𝐸) + 1

0 0.5 1
0

5

10
y=x
y=9x+ 1
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1.2 Positive affine transformations

Example 2. 𝑐aff (𝐸) = 9𝑝(𝐸) + 1

Normalization
𝑝(S) = 1

Non-negativity
𝑝(𝐸) ≥ 0

Additivity
𝐸 ∩ 𝐹 = ∅ implies
𝑝(𝐸 ∪ 𝐹) = 𝑝(𝐸) + 𝑝(𝐹)

⇒

Renormalization
𝑐aff (S) = 10

unit lower-bounded
𝑐aff (𝐸) ≥ 1

affine additivity
𝐸 ∩ 𝐹 = ∅ implies
𝑐aff (𝐸∪𝐹) = 𝑐aff (𝐸)+𝑐aff (𝐹)−1
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1.2 Positive affine transformations

affine valuations (aff ).
For all 𝑓 and any choice of E𝑓 ,

aff (𝑐,𝑢) ( 𝑓 ) =
∑︁

𝐸 ∈ E𝑓

(𝑐(𝐸)𝑢( 𝑓 (𝐸)) − 𝑢( 𝑓 (𝐸)))

(MEU) 𝑓 ¥ 𝑔 ⇔ eu (𝑝,𝑢) ( 𝑓 ) ≥ eu (𝑝,𝑢) (𝑔)

if and only if

(AFF) 𝑓 ¥ 𝑔 ⇔ aff (𝑐aff,𝑢) ( 𝑓 ) ≥ aff (𝑐aff,𝑢) (𝑔)
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1.3 Positive exponential transformations

Example 3. 𝑐mul(𝐸) = 10𝑝(𝐸)

0 0.5 1
0

5

10
y=x
y=10x
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1.3 Positive exponential transformations

Example 3. 𝑐mul(𝐸) = 10𝑝(𝐸)

Normalization
𝑝(S) = 1

Non-negativity
𝑝(𝐸) ≥ 0

Additivity
𝐸 ∩ 𝐹 = ∅ implies
𝑝(𝐸 ∪ 𝐹) = 𝑝(𝐸) + 𝑝(𝐹)

⇒

Renormalization
𝑐mul (S) = 10

Unit lower-bounded
𝑐mul (𝐸) ≥ 1

Multiplicativity
𝐸 ∩ 𝐹 = ∅ implies
𝑐mul (𝐸 ∪ 𝐹) = 𝑐mul (𝐸) · 𝑐mul (𝐹)
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1.3 Positive exponential transformations

Multiplicative valuations (mul ).
For all 𝑓 and any choice of E𝑓 ,

mul (𝑐,𝑢) ( 𝑓 ) =
∏

𝐸 ∈ E𝑓

𝑐(𝐸)𝑢( 𝑓 (𝐸 ))

(MEU) 𝑓 ¥ 𝑔 ⇔ eu (𝑝,𝑢) ( 𝑓 ) ≥ eu (𝑝,𝑢) (𝑔)

if and only if

(MUL) 𝑓 ¥ 𝑔 ⇔ mul (𝑐mul,𝑢) ( 𝑓 ) ≥ mul (𝑐mul,𝑢) (𝑔)
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1.4 Order-preserving transformations

Example 4.
𝑐rdu ≠ 𝑝 is any order-preserving
transformation of 𝑝 with fixed endpoints:

• 𝑝(𝐸) = 0 implies 𝑐rdu(𝐸) = 0
• 𝑝(𝐸) = 1 implies 𝑐rdu(𝐸) = 1
• 𝑝(𝐸) ≥ 𝑝(𝐹) iff 𝑐rdu(𝐸) ≥ 𝑐rdu(𝐹)

A risk function, 𝑟, is a continuous function
from [0, 1] to [0, 1] satisfying:

• 𝑟 (0) = 0 and 𝑟 (1) = 1
• 𝑥 ≥ 𝑦 iff 𝑟 (𝑥) ≥ 𝑟 (𝑦) 0 0.5 1

0

0.5

1
y=x

y=x− 1
10
sin(3πx)
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1.4 Order-preserving transformations

Rank-dependent utility valuations (rdu).
For all 𝑓 , if ⟨𝐸1, ..., 𝐸𝑛⟩ is the most coarse-grained ordered par-
tition of S such that 𝑢( 𝑓 (𝐸1)) ≥ ... ≥ 𝑢( 𝑓 (𝐸𝑛)), then

rdu (𝑐,𝑟,𝑢) ( 𝑓 ) =
𝑛−1∑︁
𝑖=1

𝑟

(
𝑐

(
𝑖⋃

𝑗=1
𝐸 𝑗

))
(𝑢( 𝑓 (𝐸𝑖)) − 𝑢( 𝑓 (𝐸𝑖+1))) + 𝑢( 𝑓 (𝐸𝑛))

(MEU) 𝑓 ¥ 𝑔 ⇔ eu (𝑝,𝑢) ( 𝑓 ) ≥ eu (𝑝,𝑢) (𝑔)

if and only if

(RDU) 𝑓 ¥ 𝑔 ⇔ rdu (𝑐rdu, 𝑟rdu, 𝑢) ( 𝑓 ) ≥ rdu (𝑐rdu, 𝑟rdu, 𝑢) (𝑔)
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1.5 (Almost) arbitrary probabilities

Example 5.
• 𝑐sdu ≠ 𝑝 is any probability function s.t. 𝑝(𝑠) > 0 implies 𝑐sdu (𝑠) > 0
• 𝑣sdu : C × S → R is a state-dependent utility function given by

𝑣sdu (𝑥, 𝑠) =
{

𝑝 (𝑠)
𝑐sdu (𝑠) 𝑢(𝑥) if 𝑝(𝑠) > 0
0 otherwise
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1.5 (Almost) arbitrary probabilities

State-dependent utility valuations (sdu).
For all 𝑓 ,

sdu (𝑐,𝑣) ( 𝑓 ) =
∑︁
𝑠∈S

𝑐(𝑠)𝑣( 𝑓 (𝑠), 𝑠)

(MEU) 𝑓 ¥ 𝑔 ⇔ eu (𝑝,𝑢) ( 𝑓 ) ≥ eu (𝑝,𝑢) (𝑔)

if and only if

(SDU) 𝑓 ¥ 𝑔 ⇔ sdu (𝑐sdu,𝑣sdu ) ( 𝑓 ) ≥ sdu (𝑐sdu,𝑣sdu ) (𝑔)
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1.6 Summary

(MEU) (ADD) (AFF) (MUL) (RDU) (SDU)
valuation eu eu aff mul rdu sdu
credence 𝑝 𝑐add 𝑐aff 𝑐mul 𝑐rdu 𝑐sdu
utility 𝑢 𝑢 𝑢 𝑢 𝑢 𝑣sdu
risk – – – – 𝑟rdu –

Representationally equivalent packages
numerical realism (MEU)

scalar realism (MEU),(ADD)
structural realism (MEU),(ADD),(AFF),(MUL)

constructivism (MEU),(ADD),(AFF),(MUL),(RDU),(SDU)
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2. Scalar realism



2.0 Numerical realism

The bad view.
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2.1 Scalar realism in a nutshell
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2.1 Scalar realism in a nutshell

Why are utilities measured on an interval scale in expected utility theory?
1. If 𝑢 and 𝑢′ are related by a positive affine (interval-preserving)

transformation, then you can swap 𝑢 for 𝑢′ while holding everything else
fixed and it will make no difference to relative expected utility

2. The same is not true in general for anything other than positive affine
transformations

Parity of reasoning suggests credences are measured on a ratio scale:
1. If 𝑐 and 𝑐′ are related by a positive scalar (ratio-preserving)

transformation, then you can swap 𝑐 for 𝑐′ while holding everything else
fixed and it will make no difference to relative expected utility

2. The same is not true in general for anything other than positive scalar
transformations

20/50
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2.1 Scalar realism in a nutshell

Scalar realism claims:
Positive. 𝑝 and 𝑐add differ only by an arbitrary choice of scale, so (MEU)

and (ADD) represent the same thing
Negative. 𝑐aff , 𝑐mul, 𝑐rdu, 𝑐sdu are not related to 𝑝 by a positive scalar

transformation, so they must represent something different

21/50
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2.1 Scalar realism in a nutshell

Scalar Structural realism claims:
Positive. 𝑝 and 𝑐add differ only by an arbitrary choice of scale, so (MEU)

and (ADD) represent the same thing
Negative. 𝑐aff , 𝑐mul, 𝑐rdu, 𝑐sdu are not related to 𝑝 by a positive scalar

transformation, so they must represent something different
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2.2 Where scalar realism goes wrong

𝑎 = 𝑏 + 𝑐

𝑏 𝑐

Conventional measures of length — e.g., the meter scale 𝑚 — satisfy:

1. For any object 𝑎, 𝑚(𝑎) ∈ R≥0

2. 𝑎 is at least as long as 𝑏 iff 𝑚(𝑎) ≥ 𝑚(𝑏)
3. If 𝑎 is composed lengthwise by 𝑏 and 𝑐, then 𝑚(𝑎) = 𝑚(𝑏) + 𝑚(𝑐)

Measures in this additive format ⟨R≥0,≥,+⟩ are related by positive scalar
transformations

23/50
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2.2 Where scalar realism goes wrong

Additive to Multiplicative:
⟨R≥0,≥,+⟩ −→ ⟨R≥1,≥,×⟩

via 𝑥 ↦→ α𝑥 , for α > 1

Multiplicative measures 𝑚mul have three properties in common:

1. For any object 𝑎, 𝑚mul (𝑎) ∈ R≥1

2. 𝑎 is at least as long as 𝑏 iff 𝑚mul (𝑎) ≥ 𝑚mul (𝑏)
3. If 𝑎 is composed lengthwise by 𝑏 and 𝑐, then 𝑚mul(𝑎) = 𝑚mul(𝑏) · 𝑚mul(𝑐)

Measures in the format ⟨R≥1,≥,×⟩ are related by positive power
transformations (i.e., 𝑥 ↦→ 𝑥γ for γ > 0)
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2.3 Hooke’s Law

Hooke’s Law
𝐹 = 𝑘 · 𝑚(𝑑)

Where
• 𝐹 is the stretching force (in N)
• 𝑘 is a ‘stiffness’ constant
• 𝑚(𝑑) is the distance stretched in

meters

25/50
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2.3 Hooke’s Law

𝑚(𝑑) = 0 𝐹 = 𝑘 · 𝑚(𝑑) = 0

𝑚mul(𝑑) = 1 𝐹 = 𝑘 · 𝑚mul(𝑑) = 𝑘

×

25/50
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2.3 Hooke’s Law

Hooke’s Law (reformatted)
α𝐹 = 𝑚mul (𝑑)𝑘

Where
• 𝐹 is the stretching force (in N)
• 𝑘 is a ‘stiffness’ constant
• 𝑚mul (𝑑) = α𝑚(𝑑) is the distance

stretched in multiplicative format
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2.4 The bijection condition

Additive to β-affine additive:
⟨R≥0,≥,+⟩ −→ ⟨R≥β,≥,+β⟩

via 𝑥 ↦→ α𝑥 + β, for α > 0

β-affine additive measures 𝑚aff have three properties in common:

1. For any object 𝑎, 𝑚aff (𝑎) ∈ R≥β

2. 𝑎 is at least as long as 𝑏 iff 𝑚aff (𝑎) ≥ 𝑚aff (𝑏)
3. If 𝑎 is composed lengthwise by 𝑏 and 𝑐, then 𝑚aff(𝑎) = 𝑚aff(𝑏) +𝑚aff(𝑐) − β

Measures in the format ⟨R≥β,≥,+β⟩ are related by positive dilations centered
about β (i.e., 𝑥 ↦→ β + γ (𝑥 − β) for γ > 0)
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2.4 The bijection condition

Additive to Reverse β-affine additive:
⟨R≥0,≥,+⟩ −→ ⟨R≤β,≤,+β⟩

via 𝑥 ↦→ α𝑥 + β, for α < 0

Reverse β-affine additive measures 𝑚rev have three properties in common:

1. For any object 𝑎, 𝑚rev (𝑎) ∈ R≤β

2. 𝑎 is at least as long as 𝑏 iff 𝑚rev (𝑎) ≤ 𝑚rev (𝑏)
3. If 𝑎 is composed lengthwise by 𝑏 and 𝑐, then 𝑚rev(𝑎) = 𝑚rev(𝑏) +𝑚rev(𝑐) − β

Measures in this format ⟨R≤β,≤,+β⟩ are related by 𝑥 ↦→ β + γ (𝑥 − β) for γ > 0
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2.4 The bijection condition

General recipe for constructing new formats:
1. 𝜑 : R≥0 → R★, for R★ ⊆ R, is a bijection
2. 𝑥𝑅𝑦 ⇔ 𝜑−1 (𝑥) ≥ 𝜑−1 (𝑦)
3. 𝑥 ⊕ 𝑦 := 𝜑(𝜑−1 (𝑥) + 𝜑−1 (𝑦))

Then 𝑚𝜑 = 𝜑 ◦ 𝑚 represents length in the format ⟨R★, 𝑅, ⊕⟩:
1. For any object 𝑎, 𝑚𝜑 (𝑎) ∈ R★

2. 𝑎 is at least as long as 𝑏 iff 𝑚𝜑 (𝑎)𝑅𝑚𝜑 (𝑏)
3. If 𝑎 is composed lengthwise by 𝑏 and 𝑐, then 𝑚𝜑(𝑎) = 𝑚𝜑(𝑏) ⊕ 𝑚𝜑(𝑐)
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2.4 The bijection condition

Bijection condition.
If 𝜇 represents some quantity Q in format F, and 𝜇′ is related to 𝜇 via
some bijection 𝜑 such that 𝜇′ = 𝜑 ◦ 𝜇, then 𝜇′ can be used to represent
Q in the format F′ induced from F by 𝜑

Different representations of length...
• don’t have to have ratios in common
• don’t have to have intervals in common
• don’t have to have orderings in common
• don’t have to have (almost) anything in common
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3. Structural realism



3.0 Overview

Structural realism:
1. Two credence functions represent the same thing just in case they

represent the same qualitative structure
2. Whether they represent the same structure isn’t a matter of what

intrinsic structure they have in common, but the context of their use
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3.0 Overview

This section:
1. (ADD), (AFF), (MUL) can be taken to represent the same thing as

(MEU) because they express corresponding models within isomorphic
theories

2. 𝑐add, 𝑐aff , 𝑐mul (as used in their respective theories) represents the same
thing as 𝑝 (as used in expected utility theory), because they occupy
corresponding roles within isomorphic theories

3. The same is not true for the (RDU) and (SDU) examples
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3.1 Theories and models

A decision theory 𝑇 is characterized in 2 parts:
1. A decision rule: preferences correspond to the values of acts, as given by

a class of valuations defined relative to some parameters
2. Admissibility constraints: restrictions on what parameter tuples are

allowed

A model of 𝑇 is a preference ordering plus admissible parameter tuple,
such that the ordering satisfies the decision rule relative to the parameters
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3.1 Theories and models

Expected utility theory (𝑇eu)
Rule. ¥ maximizes eu relative to a pair of parameters (𝑐, 𝑢)
Admissibility. Any pair (𝑐, 𝑢) in 𝐴c × 𝐴u, where

• 𝐴c is the set of credence functions satisfying normalization,
non-negativity and additivity

• 𝐴u is the set of utility functions

So ⟨¥, 𝑐, 𝑢⟩ is a model of 𝑇eu just in case

i. (𝑐, 𝑢) is admissible in 𝑇eu
ii. ¥ maximizes eu relative to (𝑐, 𝑢)
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3.2 The structure of expected utility theory

𝑐

𝑢′

¥3

𝑐′

𝑢

¥4

𝑐

𝑢

¥1

𝑐′

𝑢′

¥2

1. Each model represents a simple causal structure:
(𝑐, 𝑢) ↦→ ¥1, (𝑐′, 𝑢′) ↦→ ¥2

2. The theory represents independence via recombinability:
(𝑐, 𝑢), (𝑐′, 𝑢′) admissible in 𝑇eu ⇒ (𝑐′, 𝑢), (𝑐, 𝑢′) admissible in 𝑇eu
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3.2 The structure of expected utility theory

𝑐

𝑢

¥1

𝑐′

𝑢′

¥2

𝑐

𝑢′

¥3

𝑐′

𝑢

¥4

1. Each model represents a simple causal structure:
(𝑐, 𝑢) ↦→ ¥1, (𝑐′, 𝑢′) ↦→ ¥2

2. The class of models represents independence via recombinability:
(𝑐, 𝑢), (𝑐′, 𝑢′) admissible in 𝑇eu ⇒ (𝑐′, 𝑢), (𝑐, 𝑢′) admissible in 𝑇eu
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3.3 Defining isomorphism

𝑐

𝑢

¥1

𝑐′

𝑢′

¥2

𝑐

𝑢′

¥3

𝑐′

𝑢

¥4

Where ψc (𝑐) = 𝜑1 ◦ 𝑐 for some bijection 𝜑1

Where ψu (𝑢) = 𝜑2 ◦ 𝑢 for some bijection 𝜑2
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3.3 Defining isomorphism

ψc(𝑐)

𝑢

¥1

ψc(𝑐′ )

𝑢′

¥2

ψc(𝑐)

𝑢′

¥3

ψc(𝑐′ )

𝑢

¥4

Where ψc (𝑐) = 𝜑c ◦ 𝑐 for some bijection 𝜑c

Where ψu (𝑢) = 𝜑2 ◦ 𝑢 for some bijection 𝜑2
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3.3 Defining isomorphism

ψc(𝑐)

ψu(𝑢)

¥1

ψc(𝑐′ )

ψu(𝑢′ )

¥2

ψc(𝑐)

ψu(𝑢′ )

¥3

ψc(𝑐′ )

ψu(𝑢)

¥4

Where ψc (𝑐) = 𝜑c ◦ 𝑐 for some bijection 𝜑c

Where ψu (𝑢) = 𝜑u ◦ 𝑢 for some bijection 𝜑u

34/50

https://tinyurl.com/few26sl


3.3 Defining isomorphism

1. ψc(𝑐) = 𝜑c ◦ 𝑐
2. ψu(𝑢) = 𝜑u ◦ 𝑢𝑐

𝑢

¥1

𝑐′

𝑢′

¥2

𝑐

𝑢′

¥3

𝑐′

𝑢

¥4

ψc (𝑐)

ψu (𝑢)

¥1

ψc (𝑐′ )

ψu (𝑢′ )

¥2

ψc (𝑐)

ψu (𝑢′ )

¥3

ψc (𝑐′ )

ψu (𝑢)

¥4

ψc

𝑇a

𝑇b
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3.3 Defining isomorphism

In the “easy case”...
• 𝑇a and 𝑇b have the same number 𝑛 of independent parameters
• Corresponding parameters are defined on the same domains
• 𝐴𝑖 , 𝐵𝑖 are the sets of admissible 𝑖-th parameters in 𝑇a, 𝑇b respectively

Then 𝑇a is isomorphic to 𝑇b just in case:
1. For each 𝑖 = 1, ..., 𝑛, there is a bijection ψ𝑖 : 𝐴𝑖 → 𝐵𝑖 between

corresponding sets of parameters
2. Each ψ𝑖 is induced pointwise by a bijection 𝜑𝑖 — i.e., ψ𝑖 (𝑎) = 𝜑𝑖 ◦ 𝑎
3. These correspondences preserve the pattern of preference determination

across all models — i.e., ⟨¥, 𝑎1, ..., 𝑎𝑛⟩ is a model of 𝑇a iff
⟨¥, ψ1 (𝑎1), ..., ψ𝑛 (𝑎𝑛)⟩ is a model of 𝑇b
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3.4 Isomorphic theories - 𝑇mul

Expected utility theory (𝑇eu)
Rule. ¥ maximizes eu relative to a pair of parameters (𝑐, 𝑢)
Admissibility. Any pair (𝑐, 𝑢) in 𝐴c × 𝐴u, where

• 𝐴c is the set of credence functions satisfying normalization,
non-negativity and additivity

• 𝐴u is the set of utility functions

⇓

Multiplicative-EU theory (𝑇mul)
Rule. ¥ maximizes mul relative to a pair of parameters (𝑐, 𝑢)
Admissibility. Any pair (𝑐, 𝑢) in 𝐵c × 𝐵u, where

• 𝐵c is the set of credence functions satisfying renormalization, unit
lower-boundedness, and multiplicativity

• 𝐵u is the set of utility functions
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3.4 Isomorphic theories – 𝑇mul

𝑇eu is isomorphic to 𝑇mul via...
1. ψc(𝑐) = 10𝑐

2. ψu(𝑢) = 𝑢

𝑝

𝑢

¥1

𝑞

𝑢′

¥2

𝑝

𝑢′

¥3

𝑞

𝑢

¥4

𝑐mul

𝑢

¥1

10𝑞

𝑢′

¥2

𝑐mul

𝑢′

¥3

10𝑞

𝑢

¥4

ψc
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3.4 Isomorphic theories – 𝑇mul

𝑇eu is isomorphic to 𝑇mul via...
1. ψc(𝑐) = 10𝑐

2. ψu(𝑢) = 𝑢

𝑝

𝑢

¥1

𝑞

𝑢′

¥2

𝑝

𝑢′

¥3

𝑞

𝑢

¥4

𝑐mul

𝑢

¥1

10𝑞

𝑢′

¥2

𝑐mul

𝑢′

¥3

10𝑞

𝑢

¥4

(MEU) model

(MUL) model

10 𝑞

⟨¥, 𝑝, 𝑢⟩ in 𝑇eu

⇓
⟨¥, 𝑐mul, 𝑢⟩ in 𝑇mul
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3.5 Generalizations

The upshot so far:

• (MUL) can be taken to represent the same thing as (MEU), because
they express corresponding models within isomorphic theories

• 𝑐mul (as used in 𝑇mul) represents the same thing as 𝑝 (as used in 𝑇eu),
because they occupy corresponding roles within isomorphic theories

• Likewise for the (ADD) and (AFF) examples, mutatis mutandis

But those are easy cases involving...

• Theories with the same number of independent parameters
• Theories with corresponding parameters defined on the same domains
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3.5 Generalizations

The upshot so far:

• (MUL) can be taken to represent the same thing as (MEU), because
they express corresponding models within isomorphic theories

• 𝑐mul (as used in 𝑇mul) represents the same thing as 𝑝 (as used in 𝑇eu),
because they occupy corresponding roles within isomorphic theories

• Likewise for the (ADD) and (AFF) examples, mutatis mutandis

But those are easy cases involving...

• Theories with the same number of independent parameters
• Theories with corresponding parameters defined on the same domains
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3.5 Generalizations of 𝑇eu

𝑝

𝑢

¥1

𝑝′

𝑢′

¥2

𝑝

𝑢′

¥3

𝑝′

𝑢

¥4

expected utility theory 𝑇eu

generalization of 𝑇eu

State-dependent utility theory
• Utility functions defined on a richer domain

Rank-dependent theories
• Adds additional parameter
• Weakens additivity constraint
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3.5 Generalizations of 𝑇eu

SDU example...
• (SDU) expresses a model in state-dependent utility theory (𝑇sdu)
• However, there is no way to embed 𝑇eu into 𝑇sdu under which the

(MEU) model corresponds to the (SDU) model

RDU example...
• (RDU) expresses a model in rank-dependent utility theory (𝑇rdu)
• However, there is no way to embed 𝑇eu into 𝑇rdu under which the

(MEU) model corresponds to the (RDU) model and 𝑐rdu plays the
same role as 𝑝
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3.5 Generalizations of 𝑇eu

SDU example...
• (SDU) expresses a model in state-dependent utility theory (𝑇sdu)
• However, there is no way to embed 𝑇eu into 𝑇sdu under which the

(MEU) model corresponds to the (SDU) model

RDU example...
• (RDU) expresses a model in rank-dependent utility theory (𝑇rdu)
• However, there is no way to embed 𝑇eu into 𝑇rdu under which the

(MEU) model corresponds to the (RDU) model and 𝑐rdu plays the
same role as 𝑝
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3.6 Summary

(MEU) (ADD) (AFF) (MUL) (RDU) (SDU)
valuation eu eu aff mul rdu sdu
credence 𝑝 𝑐add 𝑐aff 𝑐mul 𝑐rdu 𝑐sdu
utility 𝑢 𝑢 𝑢 𝑢 𝑢 𝑣sdu
risk – – – – 𝑟rdu –

Representationally equivalent packages
numerical realism (MEU)

scalar realism (MEU),(ADD)
structural realism (MEU),(ADD),(AFF),(MUL)

constructivism (MEU),(ADD),(AFF),(MUL),(RDU),(SDU)
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Appendices



Appendix A: General recipe for isomorphic theories

1. Ingredients:
• 𝜑 : [0, 1] → R★, for R★ ⊆ R, is a bijection
• 𝑥𝑅𝑦 ⇔ 𝜑−1 (𝑥) ≥ 𝜑−1 (𝑦)
• 𝑥 ⊕ 𝑦 := 𝜑(𝜑−1 (𝑥) + 𝜑−1 (𝑦)) when 𝜑−1 (𝑥) + 𝜑−1 (𝑦) ≤ 1
• 𝑖 = 𝜑(0) (i.e., identity element of ⊕)

2. Admissibility constraints: if 𝑝 is a probability function and 𝑐𝜑 = 𝜑 ◦ 𝑝,
then 𝑐𝜑 should satisfy:
• 𝑐𝜑 (S) = 𝜑(1) (𝜑(1)-normalization)
• 𝑐𝜑 (𝐸)𝑅𝑖 (𝑖 𝑅-bounded)
• 𝐸 ∩ 𝐹 = ∅ implies 𝑐𝜑 (𝐸 ∪ 𝐹) = 𝑐𝜑 (𝐸) ⊕ 𝑐𝜑 (𝐹) (⊕-ivity)

3. Valuation: simply undo the transformation on 𝑐 inside the valuation:

val (𝑐,𝑢) ( 𝑓 ) =
∑︁

𝐸 ∈ E𝑓

𝜑−1 (𝑐(𝐸))𝑢( 𝑓𝐸 )

4. Garnish: Since val (𝑐𝜑,𝑢) ( 𝑓 ) = eu (𝑐,𝑢) ( 𝑓 ), apply any strictly increasing
transformation to val and rearrange according to taste.

43/50

https://tinyurl.com/few26sl


Appendix B: SDU example

State-dependent utility theory (𝑇sdu)
Rule. ¥ maximizes sdu relative to a pair of parameters (𝑐, 𝑣)
Admissibility. Any pair (𝑐, 𝑣) in 𝐵c × 𝐵v, where

• 𝐵c is the set of credence functions satisfying normalization,
non-negativity, and additivity

• 𝐵v is the set of state-dependent utility functions

𝑇eu is isomorphic to a subtheory of 𝑇sdu via:
• Credences: ψc (𝑐) = 𝑐

• Utilities: ψu (𝑢) = 𝑣𝑢, where 𝑣𝑢 (𝑥, 𝑠) = 𝑢(𝑥) for all 𝑠

Under this isomorphism,
⟨¥, 𝑝, 𝑢⟩ in 𝑇eu ̸↦→ ⟨¥, 𝑐sdu, 𝑣sdu⟩ in 𝑇sdu
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Appendix B: SDU example

Proof there’s no isomorphism between 𝑇eu and any sub-theory of 𝑇sdu
such that ⟨¥, 𝑐sdu, 𝑣sdu⟩ is the image of ⟨¥, 𝑝, 𝑢⟩...
1. If 𝑝 and 𝑐sdu are not related by any pointwise bijection, then pointwise

correspondence fails and there’s no isomorphism.
2. If 𝑝 and 𝑐sdu are related by some pointwise bijection, then 𝑝 ≠ 𝑐sdu implies

that 𝑝(𝑠)/𝑐sdu (𝑠) cannot be constant across all 𝑠 where 𝑐sdu (𝑠) > 0.
3. Choose 𝑠, 𝑠′ such that 𝑝 (𝑠)

𝑐sdu (𝑠) ≠
𝑝 (𝑠′ )

𝑐sdu (𝑠′ ) , and 𝑥 such that 𝑢(𝑥) ≠ 0; then

𝑣sdu (𝑥, 𝑠) =
𝑝(𝑠)

𝑐sdu (𝑠)
𝑢(𝑥) ≠ 𝑝(𝑠′)

𝑐sdu (𝑠′)
𝑢(𝑥) = 𝑣sdu (𝑥, 𝑠′).

4. So there cannot be any bijection 𝜑 such that 𝜑(𝑢(𝑥)) determines both
𝑣sdu (𝑥, 𝑠) and 𝑣sdu (𝑥, 𝑠′).
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Appendix C. RDU example

Risk-weighted Choquet utility theory (𝑇rdu)
Rule. ¥ maximizes rdu relative to a triple of parameters (𝑐, 𝑟, 𝑢)
Admissibility. Any triple (𝑐, 𝑟, 𝑢) in 𝐵c × 𝐵r × 𝐵u, where

• 𝐵c is the set of credence functions satisfying normalization,
non-negativity, and monotonicity ∗

• 𝐵r is the set of risk functions
• 𝐵u is the set of utility functions

Embedding 1. 𝑇eu is isomorphic to a subtheory of 𝑇rdu via:
• Credences: ψc (𝑐) = (𝑐, 𝑟0), where 𝑟0 is the neutral risk function
• Utilities: ψu (𝑢) = 𝑢

Under this isomorphism,

⟨¥, 𝑝, 𝑢⟩ in 𝑇eu ̸↦→ ⟨¥, 𝑐rdu, 𝑟rdu, 𝑢⟩ in 𝑇rdu
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Appendix C. RDU example

Risk-weighted Choquet utility theory (𝑇rdu)
Rule. ¥ maximizes rdu relative to a triple of parameters (𝑐, 𝑟, 𝑢)
Admissibility. Any triple (𝑐, 𝑟, 𝑢) in 𝐵c × 𝐵r × 𝐵u, where

• 𝐵c is the set of credence functions satisfying normalization,
non-negativity, and monotonicity ∗

• 𝐵r is the set of risk functions
• 𝐵u is the set of utility functions

Embedding 2. 𝑇eu is isomorphic to a subtheory of 𝑇rdu via:
• Credences: ψc (𝑐) = (𝑐′, 𝑟), where 𝑐 = 𝑟 ◦ 𝑐′
• Utilities: ψu (𝑢) = 𝑢

Under some instances in this family of isomorphisms,

⟨¥, 𝑝, 𝑢⟩ in 𝑇eu ↦→ ⟨¥, 𝑐rdu, 𝑟rdu, 𝑢⟩ in 𝑇rdu
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Appendix D: Equivalence proofs

Example 2. 𝑐aff (𝐸) = α 𝑝(𝐸) + β, for α > 0

Proof.
aff (𝑐aff ,𝑢) ( 𝑓 ) =

∑︁
𝐸 ∈ E𝑓

(𝑐aff (𝐸 )𝑢( 𝑓 (𝐸 ) ) − β𝑢( 𝑓 (𝐸 ) ) )

=
∑︁

𝐸 ∈ E𝑓

( (α 𝑝 (𝐸 ) + β)𝑢( 𝑓 (𝐸 ) ) − β𝑢( 𝑓 (𝐸 ) ) )

=
∑︁

𝐸 ∈ E𝑓

(α 𝑝 (𝐸 )𝑢( 𝑓 (𝐸 ) ) + β𝑢( 𝑓 (𝐸 ) ) − β𝑢( 𝑓 (𝐸 ) ) )

=
∑︁

𝐸 ∈ E𝑓

α 𝑝 (𝐸 )𝑢( 𝑓 (𝐸 ) )

= αeu (𝑝,𝑢) ( 𝑓 ) .

Multiplication by a positive constant α is strictly increasing, so aff (𝑐aff ,𝑢) and eu (𝑝,𝑢)

induce the same ordering over acts. (The same proof works for the 𝑐add example,
where β = 0.)
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Appendix D: Equivalence proofs

Example 3. 𝑐mul (𝐸) = α 𝑝 (𝐸 ) , for α > 1

Proof. Given α > 1, (i) 𝑝 (𝐸 ) = logα 𝑐mul (𝐸 ), (ii) 𝑦𝑥 = expα (𝑥 logα 𝑦) when 𝑦 > 0,
and (iii)

∏
𝑖 expα (𝑥𝑖 ) = expα(

∑
𝑖 𝑥𝑖 ). So

mul (𝑐mul,𝑢) ( 𝑓 ) =
∏

𝐸 ∈ E𝑓

𝑐mul (𝐸 )𝑢( 𝑓 (𝐸) )

=
∏

𝐸 ∈ E𝑓

expα (𝑢( 𝑓 (𝐸 ) ) logα 𝑐mul (𝐸 ) )

= expα
( ∑︁
𝐸 ∈ E𝑓

𝑢( 𝑓 (𝐸 ) ) logα 𝑐mul (𝐸 )
)

= expα
( ∑︁
𝐸 ∈ E𝑓

𝑝 (𝐸 )𝑢( 𝑓 (𝐸 ) )
)

= expα (eu (𝑝,𝑢) ( 𝑓 ) )

Exponentiation with base α is strictly increasing, so mul (𝑐mul ,𝑢) and eu (𝑝,𝑢) induce
the same ordering over acts.
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Appendix D: Equivalence proofs

Example 4. 𝑐rdu is any non-trivial order-preserving transformation of 𝑝

with fixed endpoints

Proof. Let 𝑟0 = id, and choose a risk function 𝑟rdu ≠ 𝑟0 such that

𝑟rdu(𝑐rdu(𝐸 ) ) = 𝑝 (𝐸 ) = 𝑟0 (𝑝 (𝐸 ) )

Given rdu (𝑝,𝑟0 ,𝑢) = eu (𝑝,𝑢) , when get

rdu (𝑐rdu,𝑟rdu,𝑢) = rdu (𝑝,𝑟0 ,𝑢) = eu (𝑝,𝑢)
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Appendix D: Equivalence proofs

Example 5. 𝑐sdu ≠ 𝑝 is any probability function such that
𝑝(𝑠) > 0 implies 𝑐sdu (𝑠) > 0

Proof. Let

𝑣sdu (𝑥, 𝑠) =
{

𝑝 (𝑠)
𝑐sdu (𝑠) 𝑢(𝑥 ) if 𝑝 (𝑠) > 0
0 otherwise

Then
sdu (𝑐sdu ,𝑣sdu ) ( 𝑓 ) =

∑︁
𝑠 ∈ S

𝑐sdu (𝑠)𝑣sdu ( 𝑓 (𝑠) , 𝑠)

=
∑︁
𝑠∈S

𝑝 (𝑠)>0

𝑐sdu (𝑠)
𝑝 (𝑠)

𝑐sdu (𝑠)
𝑢( 𝑓 (𝑠) )

=
∑︁
𝑠 ∈ S

𝑝 (𝑠)𝑢( 𝑓 (𝑠) )

= eu (𝑝,𝑢) ( 𝑓 )
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