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Introduction

constructivism

realism

α ¥ β iff
∑︁

pr (E) · u (α [E]) ≥
∑︁

pr (E) · u (β [E])

E1 E2 E3 . . .
α α [E1] α [E2] α [E3] . . .

• α [E] is the outcome of act α

at event E
• pr (E) is the probability of

event E
• u

(
α [E]

)
is the utility of that

outcome
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Introduction

constructivism

realism

α ¥ β iff
∑︁

pr (E) · u (α [E]) ≥
∑︁

pr (E) · u (β [E])

Constructivism
Preferences are fundamental;
probability and utility functions
are merely ‘constructions’ for
representing patterns in a
coherent system of preferences

Realism
Probability and utility functions
represent real psychological
quantities, which jointly
contribute to the causal
determination of preferences
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The Legend of Zynda

Suppose we transform the utility function u like so:

u★ = 9u + 1

Then the following are equivalent:

• α ¥ β iff ∑
pr (E) · u (α [E]) ≥∑

pr (E) · u (β [E])
• α ¥ β iff ∑

pr (E) · u★(α [E]) ≥∑
pr (E) · u★(β [E])
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The Legend of Zynda

“Utilities can be represented on many numerical scales; what’s
meaningful is what the admissible representations all have in common”

𝑥◦F
⇕

9
5 · 𝑦◦C + 32
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The Legend of Zynda

Suppose now we apply the same transformation to pr :

aff = 9pr + 1

Then the following are equivalent:

• α ¥ β iff ∑
pr (E) · u (α [E]) ≥∑

pr (E) · u (β [E])
• α ¥ β iff ∑ (

aff (E) − 1
)
· u (α [E]) ≥∑ (

aff (E) − 1
)
· u (β [E])
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The Legend of Zynda

“Credences can be represented on many numerical scales; what’s
meaningful is what the admissible representations all have in common”

But when do two ‘credence functions’ represent the same credences?
• if/only if they’re related by some linear transformation? no
• if/only if they’re related by an order-preserving transformation? very no
• only if they have some interesting shared structure? nopey nope nope
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Overview

My claims:
A. There is no single, format-independent class of transformations such that

two credence functions represent the same credences if and only if they
are related by a transformation in that class

B. Representational equivalence instead depends on whether two credence
functions occupy corresponding roles in isomorphic ‘theories’
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1. Biconditionals galore!



1.0 Preliminaries

Definition. A credence function is any function from events to real numbers. A
credence function c is also a probability function iff

Normalization: where ⊤ is a tautology, then c(⊤) = 1
Non-Negativity: for any 𝐸, c(𝐸) ≥ 0
Additivity: if 𝐸, 𝐹 are mutually exclusive, c(𝐸 ∪ 𝐹) = c(𝐸) + c(𝐹)

Definition. A valuation is a function from acts to real numbers, defined relative
to some parameters. For example, an expected utility valuation (eu) is defined
relative to a credence function c and utility function u such that for all acts α,

eu[c, u] (α) =
∑︁

c(E) · u
(
α [E]

)
Note that c need not be a probability function.
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1.0 Preliminaries

Uniqueness assumption. Bayesia’s preferences ¥ maximize expected utility
relative to exactly one probability function — i.e., there is a unique probability
function (pr) and some utility function (u) such that

(MEU) α ¥ β iff eu[pr , u] (α) ≥ eu[pr , u] (β)

This section: five alternative representations with increasingly significant
changes to the ‘structure’ of pr ...
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1.1 Ratio-preserving (similarity) transformations

Example 1. sim (E) = 10pr (E)

0 0.5 1
0

5

10
y=x
y=10x

Renormalization
sim (⊤) = 10

Non-negativity
sim (E) ≥ 0

Additivity
if E,F are mutually exclusive,
sim (E ∪ F) = sim (E) + sim (F)
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1.1 Ratio-preserving transformations

Expected utility valuations (eu).

eu[c, u] (α) =
∑︁

c(E) · u
(
α [E]

)
If sim = 10pr , then the following are equivalent:

(MEU) α ¥ β iff eu[pr , u] (α) ≥ eu[pr , u] (β)
(SIM) α ¥ β iff eu[sim, u] (α) ≥ eu[sim, u] (β)
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1.2 Affine transformations

Example 2 (Zynda). aff (E) = 9pr (E) + 1

0 0.5 1
0

5

10
y=x
y=9x+ 1

Renormalization
aff (⊤) = 10

Unit lower-bounded
aff (E) ≥ 1

Affine additivity
if E,F are mutually exclusive,
(E ∪ F) = aff (E) + aff (F) − 1
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1.2 Affine transformations

Zynda valuations (zyn).

zyn[c, u] (α) =
∑︁ (

c(E) − 1
)
· u

(
α [E]

)
If aff = 9pr + 1, then the following are equivalent:

(MEU) α ¥ β iff eu[pr , u] (α) ≥ eu[pr , u] (β)
(AFF) α ¥ β iff zyn[aff , u] (α) ≥ zyn[aff , u] (β)
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1.3 Exponential transformations

Example 3. exp(E) = 10pr (E)

0 0.5 1
0

5

10
y=x
y=10x Renormalization

exp(⊤) = 10

Unit lower-bounded
exp(E) ≥ 1

Multiplicativity
if E,F are mutually exclusive,
exp(E ∪ F) = exp(E) × exp(F)
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1.3 Exponential transformations

Multiplicative valuations (mul).

mul[c, u] (α) =
∏

c(E)u (α [E] )

If exp = 10pr , then the following are equivalent:

(MEU) α ¥ β iff eu[pr , u] (α) ≥ eu[pr , u] (β)
(EXP) α ¥ β iff mul[exp, u] (α) ≥ mul[exp, u] (β)
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1.4 Order-preserving transformations

Example 4.
ord ≠ pr is any order-preserving
transformation of pr with fixed endpoints:

• pr (E) = 0 implies ord (E) = 0
• pr (E) = 1 implies ord (E) = 1
• pr (E) ≥ pr (F) iff ord (E) ≥ ord (F)

A risk function, 𝑟, is a continuous function
from [0, 1] to [0, 1] satisfying:

• 𝑟 (0) = 0 and 𝑟 (1) = 1
• 𝑥 ≥ 𝑦 iff 𝑟 (𝑥) ≥ 𝑟 (𝑦) 0 0.5 1

0

0.5

1
y=x

y=x− 1
10
sin(3πx)

15/36

https://tinyurl.com/2s42yryp


1.4 Order-preserving transformations

Rank-dependent utility valuations (rdu).
If ⟨𝐸1, ..., 𝐸𝑛⟩ is ordered such that u

(
α [𝐸1]

)
≥ ... ≥ u

(
α [𝐸𝑛]

)
,

rdu[c, 𝑟, u] (α) =
𝑛−1∑︁
𝑖=1

𝑟

(
c
(

𝑖⋃
𝑗=1

E 𝑗

))
·
(
𝑢
(
α [E𝑖]

)
− 𝑢

(
α [E𝑖+1]

) )
+ 𝑢

(
α [E𝑛]

)

If ord is an order-preserving transformation of pr and 𝑟★ reverses
that transformation, then the following are equivalent:

(MEU) α ¥ β iff eu[pr , u] (α) ≥ eu[pr , u] (β)
(ORD) α ¥ β iff rdu[ord , 𝑟★, u] (α) ≥ rdu[ord , 𝑟★, u] (β)
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1.5 (Almost) arbitrary probabilities

Example 5.
• arb can be almost any probability function at all, provided only that

pr (E) > 0 ⇒ arb(E) > 0

• A state-dependent utility function 𝑣 is a utility function where the
value of an outcome might depend on the state (≈ maximally
fine-grained event) at which it is realized

• 𝑣 compensates for the difference between arb and pr relative to a
utility function u whenever

𝑣(𝑥,E) =
{

pr (E)
arb(E) · u (𝑥) if pr (E) > 0
0 otherwise
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1.5 (Almost) arbitrary probabilities

State-dependent utility valuations (sdu).
Where the event partition is maximally fine-grained,

sdu[c, v] (α) =
∑︁

c(E) · v
(
α [E],E

)
If arb is (almost) any probability function and 𝑣★ compensates for the
difference between pr and arb, then the following are equivalent:

(MEU) α ¥ β iff eu[pr , u] (α) ≥ eu[pr , u] (β)
(ARB) α ¥ β iff sdu[arb, 𝑣★] (α) ≥ sdu[arb, 𝑣★] (β)
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1.6 Summary

(MEU) (SIM) (AFF) (EXP) (ORD) (ARB)
valuation eu eu zyn mul rdu sdu
credence pr sim aff exp ord arb
utility u u u u u v★
risk – – – – r★ –
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2. Ratio scales and non-additive
representations



2.1 Why utilities are interval scale

We say that utilities are measured on an interval scale because ...

• Fact 1. If u and u★ are related by a positive affine (“interval-preserving”)
transformation, then you can swap u for u★ while holding everything else
fixed and it will make no difference to relative expected utility — i.e.,

α ¥ β iff eu[c, u] (α) ≥ eu[c, u] (β)
↕

α ¥ β iff eu[c, u★] (α) ≥ eu[c, u★] (β)

• Fact 2. The same is not true in general for anything other than positive
affine transformations

20/36

https://tinyurl.com/2s42yryp


2.2 Why credences are ratio scale

By parity of reasoning, credences are measured on a ratio scale...

• Fact 1. If c and c★ are related by a ratio-preserving (positive similarity)
transformation, then you can swap c for c★ while holding everything else
fixed and it will make no difference to relative expected utility — i.e.,

α ¥ β iff eu[c, u] (α) ≥ eu[c, u] (β)
↕

α ¥ β iff eu[c★, u] (α) ≥ eu[c★, u] (β)

• Fact 2. The same is not true in general for anything other than
ratio-preserving transformations
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2.3 Implications

(MEU) (SIM) (AFF) (EXP) (ORD) (ARB)
valuation eu eu zyn mul rdu sdu
credence pr sim aff exp ord arb
utility u u u u u 𝑣★

risk – – – – r★ –

What follows...

• (MEU) and (SIM) differ only by an arbitrary choice of scale; therefore
they represent the same thing

What doesn’t follow...

• (MEU) and (AFF), (EXP), etc., differ by more than just a choice of
scale; therefore they do not represent the same thing
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2.4 What is a ratio scale?

𝑎 = 𝑏 + 𝑐

𝑏 𝑐

Consider a simple structure ⟨X,¥, ◦⟩, with three parts...

1. X is a set of things: {airplane, body, cockpit, ...}
2. ¥ is the at least as long as relation: airplane ¥ body ¥ cockpit
3. ◦ is lengthwise composition: airplane = body ◦ cockpit

How can we numerically represent this kind of structure?
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2.4 What is a ratio scale?

𝑎 = 𝑏 + 𝑐

𝑏 𝑐

Conventionally, ⟨X,¥, ◦⟩ is represented by a function 𝐿 that maps it into an
additive format ⟨R≥0,≥,+⟩, where...

1. 𝐿 assigns every member of X a value in R≥0

2. If 𝑥 is at least as long as 𝑦, then L(𝑥) ≥ L(𝑦)
3. If 𝑥 is composed lengthwise by 𝑦 and 𝑧, then L(𝑥) = L(𝑦) + L(𝑧)

Different representations within this format are always related by
ratio-preserving transformations
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2.5 The multiplicative alternative

From additive to multiplicative:
⟨R≥0,≥,+⟩ −→ ⟨R≥1,≥,×⟩

via exponential transformation (e.g., 𝑦 = 10𝑥)

Representations of ⟨X,¥, ◦⟩ within the multiplicative format always satisfy...

1. 𝐿 assigns every member of X a value in R≥1

2. If 𝑥 is at least as long as 𝑦, then L(𝑥) ≥ L(𝑦)
3. If 𝑥 is composed lengthwise by 𝑦 and 𝑧, then L(𝑥) = L(𝑦) × L(𝑧)
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2.5 The multiplicative alternative

𝑎 = 𝑏 + 𝑐

⟨R≥0,≥,+⟩
𝑏 𝑐

𝑎 = 𝑏 × 𝑐

⟨R≥1,≥,×⟩
𝑏 𝑐

Ratio scale ≠ “every possible representation must preserve ratios”...
1. Converting from an additive representation to a multiplicative

representation does not preserve ratios
2. Converting from one multiplicative representation to another multiplicative

representation does not preserve ratios
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3. The Bijection Condition



3.1 Arbitrary formats
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3.1 Arbitrary formats

⟨X,¥, ◦⟩

⟨R≥0,≥,+⟩ ⟨R≥1,≥,×⟩

𝐿 𝐿′

𝜑
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3.1 Arbitrary formats

STEP 1. Start with any additive measure of length 𝐿 and any bijection
𝜑 : R≥0 → R★ (where R★ ⊆ R)

STEP 2. Transform L into L𝜑 using 𝜑 (i.e., L𝜑 = 𝜑 ◦ L)

STEP 3. Define the relation 𝑅 and operation ⊕ on R★ like so:
i. 𝑅(𝑥, 𝑦) ⇔ 𝜑−1 (𝑥) ≥ 𝜑−1 (𝑦)
ii. 𝑥 ⊕ 𝑦 := 𝜑(𝜑−1 (𝑥) + 𝜑−1 (𝑦))

Now L𝜑 represents length in the format ⟨R★, 𝑅, ⊕⟩:
1. For any object 𝑎, L𝜑 (𝑎) ∈ R★

2. 𝑎 is at least as long as 𝑏 iff 𝑅
(
L𝜑 (𝑎),L𝜑 (𝑏)

)
3. If 𝑎 is composed lengthwise by 𝑏 and c, then L𝜑(𝑎) = L𝜑(𝑏) ⊕ L𝜑(𝑐)
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3.2 The bijection condition

Bijection condition.
For any quantity Q, if a function 𝑓 represents Q in some representational
format R, then 𝑓𝜑 can be used to represent Q in format R𝜑 just in case

1. 𝑓𝜑 is related to 𝑓 by some bijection 𝜑, and
2. R𝜑 is the format induced from R by 𝜑
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3.3 Argument for A

A. There is no single, format-independent class of transformations such that
two credence functions represent the same credences if and only if they are
related by a transformation in that class

Suppose there were some such class of transformations...

1. The class must include every bijective transformation.
By the Bijection Condition, two credence functions can be used to
represent the same credences (in some format or other) whenever they’re
related by some bijection

2. But being related by a bijection is not sufficient.
Two credence functions might be related by a bijective transformation
even though they obviously represent very different credences
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4. Representational Equivalence



4.1 Right question / wrong question

B. Representational equivalence depends on whether two credence functions
occupy corresponding roles in isomorphic ‘theories’

• The Wrong Question:
What intrinsic structure must pr and exp have in common, such that
they can be taken to represent the same credences?

• The Right Question:
How must (MEU) and (EXP) be related, such that their corresponding
components can be taken to represent the same things?
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4.2 Hooke’s Law

Hooke’s Law
𝐹 = 𝑘 · 𝑚

Where
• 𝐹 is the stretching force
• 𝑘 is a ‘stiffness’ constant
• 𝑚 is the distance stretched
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4.2 Hooke’s Law

𝑚 = 0 𝐹 = 𝑘 · 𝑚 = 0

𝑚exp = 1 𝐹 = 𝑘 · 𝑚exp = 𝑘

×
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4.2 Hooke’s Law

Hooke’s Law (reformatted)
10𝐹 = 𝑚exp

𝑘

Where
• 𝐹 is the stretching force
• 𝑘 is a ‘stiffness’ constant
• 𝑚exp = 10𝑚 is the length stretched in

a multiplicative format
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4.3 Multiplicative expected utility theory

Additive
pr

⇓

Multiplicative
exp = 10pr

Expected utility valuations
eu[c, u] (α) =

∑
c(E) · u (α [E])

⇓
Multiplicative valuations

mul[c, u] (α) =
∏

c(E)u (α [E] )
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4.4 Gestures in the direction of B

The Right Answer...

1. (MEU) describes a model within expected utility theory (𝑇eu)
2. (EXP) describes a model within the ‘multiplicative’ re-expression of

expected utility theory (𝑇mul)
3. 𝑇eu and 𝑇mul are isomorphic — everything in one has a precisely

corresponding counterpart in the other, which “plays the same role”
4. pr occupies a role within 𝑇eu that corresponds precisely to the role

occupied by exp within 𝑇mul
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Summary

(MEU) (SIM) (AFF) (EXP) (ORD) (ARB)
valuation eu eu zyn mul rdu sdu
credence pr sim aff exp ord arb
utility u u u u u v★
risk – – – – r★ –
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